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Introduction

Incompressible Newtonian fluids. k — ¢ turbulence model

div (pu) =0,

0

% +div (pu ® u) 4+ grad 7 — div 7 = pg,

7= (p+ pe) (gradu +gradu”) = 2pkl,  pe=pCu—,

Opk

9PY 4 div (upk) — div |:<LL + &> grad k} — Gy + pe =0,

ot Ok

I -5 grade| = GLEGr— Gupl

—_ iv —div — |ar = — G — -

ot P 1% - g lek k 2e P K
o p € R: density. © uy: turbulent viscosity.
o u=u(x,y,zt): velocity vector. o k: turbulent kinetic energy.
o m=m(x,y,2zt): pressure. o e: dissipation rate.
o g =g(x,y,zt): gravity force. o Gy: turbulent production.
@ T: viscous stress tensor. o ok, 0.: Prandtl numbers.
o u: laminar viscosity. o C,, G, G: closure constants.
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Compressible low Mach number flows

Ne
9 | diy (pu) =0, 7 = pRo, R:RZ%
i=1

ot ;
0
% +div (pu ® u) + grad 7 — div 7 = pg,
2
7= (gradu + gradu’”) — §udiv (u) 1,
9 (gif') + div (pyju) —div (pDjgrady;) =0, i=1,..., N,
d(ph
g’t ) 4 div (phu) — div (pDgrad h) = 0.
o p=p(x,y,zt): density. o h: enthalpy.
o p=p(x,y,z1t): pressure, o 0: temperature.
p(x,y,z,t) =7 (t) + 7 (x,y,z,t). @ R: universal constant for perfect
o yi=yi(x,y,z,t): mass fraction. gases.
o D: mass diffusivity coefficient. @ M;: molecular mass of species y;.
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Navier-Stokes momentum equation
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Advection-diffusion-reaction equation



Advection-diffusion-reaction equation

Advection-diffusion-reaction equation




Advection-diffusion-reaction equation The finite volume framework

The finite volume framework

atq(xv t) + 8xf(q(x’ t)a )‘(X, t)) = Ox (O‘(X’ t)axq(x, t)) + Bq(Xv t)‘

tn+1 t"+1
% —_ Vv
| e | e
e o R
— 45— — Y
Exact integration in the control volume V' gives
X 1 tn+1
3
/ ’ [q(Xa tn+1)_q(x7 tn)} dx +/ [f(q(XJ_'_%, t)7 )‘(q(Xj+%7 t))_f(q(xj—%v t)7 A(Xj—%a t))] dt
X, 1 tn
=2
X1 gt o gl
- / / 0. (adq) (x. t) dt| dx+ / / Bq(x. t) dt| dx
Xj*% tn X.7% tn




Advection-diffusion-reaction equation The finite volume framework

Let us introduce the following notation

1 X+l 1 G+3
qu"H = E/ q(x, t"+1) dx, qf' = E/); q(X, tn) dx,

Xj-1 -1
1 tn+1
AT / F(a(x_1.8), A1 1)) d,
tn+1

5‘1% = E/tn fla(xy1, 1), A(xip 1, 1)) dt,

tn+1

/t'n
no 1 /X“% /tmﬁ(xt)dt dx
ERRVN7N M I M '

Ox (@0xq) (x, t) dt] dx,

1
2
Then, we get the exact relation
At
n+l _ _n n n n n
qj _qJ_E<fJ‘+%_fJ‘—%)+Ath +AtSJ



Rusanov flux and Godunov's theorem

Assuming that the advection coefficient is constant, the physical flux is
approximated by means of the Rusanov numerical flux function?:

fqf,) +f(q’) 1
f]jp% = d)(q;’a qJ{’Jr].) = % - EaRS(q‘,ﬁy qjﬁ+1)(qj{]+1 - qJP)'

Godunov's theorem?

There are no monotone, linear schemes for the advection equation of
second or higher order of accuracy.

To attain a second order accuracy scheme we will consider Local ADER
methodology.

1V V. Rusanov. “The calculation of the interaction of non-stationary shock waves and
obstacles”. USSR Comp. Math. Math. Phys., 1 304-320, 1962.

25 K. Godunov. “A finite difference method for the computation of discontinuous solutions of
the equations of fluid dynamics.”. Mat. Sb., 47, 357-393, 1959,
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LADER methodology
LADER methodology

Step 1. Polynomial reconstruction

pit(x)=q + A7 (x —x;), ifxe (xj_%,xj] ,

pi(x) =
. _— n n J— . ] .
pir(x) = i + Afr(x =), if x € [XJ7Xj+%) :
Tiijr Tj-1jr="Tj+1j+2r Tjy1j+2L
Tisein . Tywe
| | | | |
@or | 91 QJ'LU?.: 'L AR G QiR | Gt Gi2r | Gst
I | I | I | I | I
T T T T T T T T T
| j-1 | j | j+1 | j+2 |
| | | | |
@ity Tity iy ity Tjig




LADER methodology
LADER methodology

Step 2. Solution of the generalized Riemann problem

drq (x,t) + A0xq (x, t) = Ok (@0xq) (x, t) + Bq (x, t),
ij(X)a if x < 0,

q(x,0) =
pi+1L(x), if x> 0.

Step 3. Computation of diffusion and reaction terms



Advection-diffusion-reaction equation LADER methodology

Flux term

Considering a Taylor series expansion in time and Cauchy-Kovalevskaya procedure,
we get the expression of the evolved conservative variable

Gy =q(0,04) +7[-A8xq(0,04) + 9x (adxq) (0,0) + 54q(0,04)].

N

where the leading term and the spatial derivatives are approximated as

q{7 — qJ{" + 1 (q" — qf'_l) , if A > 0,

q(070+) =
if A <O.

Aar =01 — 3 (42— 941 -
n 1 n
axq(oa 0+) = Aj+% A (q_]+1 qJ) )

1
9y (29xq) (0,04) = (AaA)] i+ ¥ A2 [af+1 (qjﬁ+2 - an+1) —aof (qu - qf’—l)] :



Advection-diffusion-reaction equation LADER methodology

Performing exact integration, the numerical flux becomes (A > 0)
A n n n
Afr+ (A8, + (Aad)],y + 4]

G1) ~ pn (61— )

n
qJ+1

1
:)\{qj +3 > (qJ
At n n n n n
DN [af41 (92 = qf1) — of (¢ — qf1)] + B¢ }



Advection-diffusion-reaction equation LADER methodology

Diffusion term

For the diffusion term computation we build new evolved variables depending on
diffusion and reaction terms:

Jjt3 -1 5N-3 1 — — — — —=n
(Aad); = — Ax : = A2 [O‘ +1 (@ —a7) - a}’_% (@ - qj—l)}
1 n At n At n n n
= A3 { a1 + 76taj+ } {qﬁl q + —+ ((AozA)JJrl (AaA)j +5 (qj+1 —q; ))]
n At n n At n
+ afs 7&0@ %] {qj 19+ ((AaA)j—l (Dad); + B (g1 — g ))} }

Reaction term

The reaction term is calculated like for ADER scheme,

8q7 = B [qu’ + % ( AA] + (AaA)] +qu)}



Advection-diffusion-reaction equation Flux term with variable coefficient

Flux term with variable coefficient

f(q(x, t)v )‘(Xv t)) = A(X’ t)q(X, t)

Two main issues must be taken into account with respect to the advection
equation with constant coefficient:

o A new numerical viscosity related to the spatial derivative of A(x, t) should
be included.?

@ To build a second-order in time and space scheme using LADER
methodology, the extrapolation and the half in time evolution of A(x, t) need

to be performed.

3A. Bermudez, X. Lopez, M.E. Vazquez-Cendon “Finite volume methods for
multi-component Euler equations with source terms”. Comput. Fluids, 156, 113-134,2017.
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Advection-diffusion-reaction equation Flux term with variable coefficient

New numerical viscosity related to the spatial derivative of A(x, t).

Rusanov flux function is divided into two terms:

1 1
¢(qjﬁ’ qf+1’ /\JI]’ /\J,'1+1) = 2 (A}]qu + >\J'7+1qu+1)7§aR5 (qJP’ qJ"7+1’ >\J,'7’ J,'7+1) (qu+1 B qu) :

The second one is supposed to introduce the numerical viscosity needed for the
stability of the scheme. However, splitting the spatial derivative of the flux into
two terms,

Ox (Aq) (x, t) = A(x, t)0xq(x, t) + q(x, t)OxA(x, t),

we notice that Rusanov flux only adds the artificial viscosity related to the first
one:
RS (qf, qJ{’+17 >‘Jn7 >\J"7+1) = max {l)‘jn|7 |AJIT+1|} .



Advection-diffusion-reaction equation Flux term with variable coefficient

To correct this lack of upwind, we propose to introduce a new artificial viscosity
term,

1
—[2 Q) AN~ —5sien (drs) 4l (Vi = )

with dgs the value of the eigenvalue used to compute ags, that is, drs = A] or
QRrs = Ali1- Then, the new numerical flux on the boundary Xy 1 reads

1
¢(q7', 941 A5 Afa) =3 (W] + N197h1)

1
— ECYRS (qu» qu+1» AJ']’ /\1{1—0—1) (qJ,'7+1 - qu)

1 9 v n n n n
_Eslgn(aRS(qjaqj-&-l?)‘ )\ )) 9j+1 (j+1_)‘j)'



Advection-diffusion-reaction equation Flux term with variable coefficient

To build a second-order in time and space scheme using LADER methodology.

The evolved values of the conservative variable and the advection coefficient read

At At At
G1r = q_1r — Ax ( Al —Alaql 1)+ YN [af (a7 —af) — oy (gf1 — qj’,z)] + 5 Si-1

_ At At At
q=q1— Ax (/\" ;= Al 1)+ A2 [O‘Jr" (qfﬂ - qf) —aj (qf_l - an—z)] + 75;—%
—=n n At n n n_n At n n n n n n At n
djr = 4jr — 2Ax ()‘j+1qj+1 - )‘j qj) + SAX2 [aj+1 (QJ+2 - Qj+1) - (qj - qj—l)} + 7514.%7

_ At At At
91 =9 — Ax (M11a7 — Aaf) + YN 01 (afs2 = as1) = of (] —q-0)] + 7‘3&%’



Advection-diffusion-reaction equation Flux term with variable coefficient

On the other hand, we extrapolate and compute the half in time evolved values of

the advection coefficient, it is necessary to extrapolate and compute the half in
time evolved values of the advection coefficient,

X," 1R = A 1R+ 3t)‘n 1= Af + % (>‘ — A 2) + at)‘n L
X =M+ —8,;)\5’ =N - % (A = A7) + 7‘99‘”

g = A at i1 :/\J’-’+%(/\}’— j,1)+%8t e
Ar1e = A1 + 3t i = A % (M2 = M) + %‘% !



Advection-diffusion-reaction equation Flux term with variable coefficient

Finally, the scheme for the advection-diffusion-reaction equation with variable
advection and diffusion coefficients is

At —n _ _ _ _
qJ{H_l =q; — 2Ax { |:<AquJr'1R +A +1qu+1L> - a%s,ﬁ% (@1 — )

. on _ —n —n —n _
—sign (O‘RS,J’—Q-%) le+% <>\j+1L - AjR>:| - [(Aj—mqu"_m +A L‘LL)
—Olgs (qJL G_1g) —sign (ERS,F%) qi_s (XjL - quR)] }
At n ta n n n At n n n
T2 ) |G+ T 5% | |G+~ 9 T oas (O‘Hg (CHPE /Y

At
_2a;+§ (qJ"7+1 qJ) + a.i% (qu’ - qu’il)) + B3 (sjn+l - S'H)]

]
+ { Jn—% + 2atajr1—;:| {qf’—l ~ 9 T oA ( j+3 (qJ+1 q )
n n n At n n+ i
+204J-_% (qj_qj_l)_a- %(qj 1= ))+2(J_1—5j):|}—|—5j+2

1
with 57 = s (x;,t") and 57" 2 = s (x;, t" + 4F).
_/\(\/a/_t*‘»\;



Stability analysis

LADER scheme for the advection equation is conditionally stable with stability
condition |c| < v2 — 1.

There exist cy, dy € R, r, € R™ such that LADER scheme for the
advection-diffusion-reaction equation is stable in the 4-orthotopes

OCMydM,I’m = {(9, c,r, d) | 0e [_ﬂ-vﬂ-]a ce [Oa CM]7
d €[0,du], r € [rm,0], cm, du € RT, r e R™}.

S. Busto, J.L. Ferrin, E.F. Toro, M.E. Vazquez-Cendén. "A projection hybrid high order finite
volume/finite element method for incompressible turbulent flows”. J. Comput. Phys., 353,
169-192, 2018.
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Advection-diffusion-reaction equation Accuracy analysis

Accuracy analysis

LADER scheme is second-order in space and time.

A. Bermidez, S. Busto, J.L. Ferrin, M.E. Vazquez-Cenddn. “A high order projection method for
low Mach number flows”. Submitted.




Advection-diffusion-reaction equation Numerical results

Test 1. Advection-diffusion-reaction equation

o Computational domain: Q = [0, 2].
o Time interval: [0,1].

o Flow definition:
0rq(x, t) + O [M(x, t)q (x, t)] = s(x, t),

q(x,0) = e‘2x2,
Ax, t) =x+2,

s(x,t) = 4(x — t)(~1 — x)e 20",

alx,t) = e 200,




Advection-diffusion-reaction equation Numerical results

’ Cells H Err ‘ Op Err 2 ‘ Op> Errpe ‘ Or=
8 8.87TE — 02 8.71E — 02 1.13E - 01
16 5.36E —02 | 0.73 | 5.26E —02 | 0.73 | 6.98E — 02 | 0.69
32 2.95E—-02 | 0.86 | 2.88E —02 | 0.87 | 3.87TE—02 | 0.85
64 1.55E —02 | 0.93 | 1.50E — 02 | 0.94 | 2.03E — 02 | 0.93
128 || 798E —03 | 0.96 | 7.69E —03 | 0.97 | 1.04E —02 | 0.96
256 || 4.04E—-03 | 0.98 | 3.89E —03 | 0.98 | 5.28E —03 | 0.98
512 || 2.03E—-03 | 0.99 | 1.96E —03 | 0.99 | 2.65E — 03 | 0.99

Test 1. Errors and convergence rates obtained by using the first order scheme.
Q= [07 2]v tend = 1, c=cy=0.5.




Advection-diffusion-reaction equation Numerical results

(Cells || B | O

Err 2 ‘ Op>

EI‘I‘[;oo ‘ O[;oo ‘

8 8.34E — 02 8.20E — 02 1.07E - 01
16 513E—-02 | 0.70 | 5.03£ —02 | 0.71 | 6.65E — 02 | 0.68
32 2.88E—02 | 0.83 | 279E —-02 | 0.85 | 3.73E—-02 | 0.83
64 153E—-02 | 091 | 1.47E—02 | 0.92 | 1.98E — 02 | 0.92
128 || 792E—-03 | 095 | 7.55E —-03 | 0.96 | 1.02E —02 | 0.96
256 || 4.02E—-03 | 0.98 | 3.83£ —03 | 0.98 | 5.17TE —03 | 0.98
512 || 2.03E -03 | 0.99 | 1.93E —03 | 0.99 | 2.60E — 03 | 0.99

Test 1. Errors and convergence rates obtained by using the first order scheme without
the new numerical viscosity term. Q =[0,2], tena = 1, ¢ = cy = 0.5.



Advection-diffusion-reaction equation Numerical results

(Cells || B | O

Err 2 ‘ Op>

EI‘I‘[;oo ‘ O[;oo ‘

8 5.73E — 02 5.80E — 02 8.73E — 02
16 2.10E—02 | 1.45 | 2.02E —02 | 1.562 | 3.54E — 02 | 1.30
32 6.58E —03 | 1.67 | 6.42E —03 | 1.66 | 1.20E — 02 | 1.56
64 257E—-03 | 1.36 | 2.61E —03 | 1.30 | 8.93E —03 | 0.43
128 || 1.44E—-03 | 0.83 | 1.55E—-03 | 0.75 | 8.08£ —03 | 0.14
256 || 7.62E —04 | 0.92 | 9.26E — 04 | 0.74 | 7.71E — 03 | 0.07
512 || 3.92E - 04 | 0.96 | 5.74E — 04 | 0.69 | 7.54E — 03 | 0.03

Test Al. Errors and convergence rates obtained by using LADER scheme without the
new numerical viscosity term. Q = [0,2], tena = 1, ¢ = cy = 0.5.



Advection-diffusion-reaction equation Numerical results

(Cells || B | O

Err 2 ‘ Op>

Errp~ ‘ Or

8 5.05E — 02 5.59E — 02 8.69E — 02
16 1.73E —02 | 1.55 | 1.93E —02 | 1.53 | 3.43E—-02 | 1.34
32 517E—-03 | 1.74 | 5.93E-03 | 1.71 | 1.17TE—-02 | 1.55
64 127E —03 | 2.02 | 1.54E —03 | 1.94 | 3.48E —-03 | 1.75
128 || 3.16E —04 | 2.01 | 3.90E —04 | 1.98 | 9.63E — 04 | 1.85
256 || 7.88E —05 | 2.00 | 9.86E —05 | 1.99 | 2.57E - 04 | 1.91
512 || 1.97E —05 | 2.00 | 2.48E —05 | 1.99 | 6.63E — 05 | 1.95

Test 1. Errors and convergence rates obtained by using LADER scheme. Q = [0, 2],
tena = 1, ¢ = cpy = 0.5.



Advection-diffusion-reaction equation Numerical results

(Cells || B | O

Err 2 ‘ Op>

EI‘I‘[;oo ‘ O[;oo ‘

8 2.69E — 02 2.83E — 02 3.82E — 02
16 486E —03 | 1.75 | 5.60E — 03 | 1.65 | 8.76E —03 | 1.48
32 1956 —-03 | 1.33 | 1.76E —03 | 1.59 | 2.39E — 03 | 1.64
64 1.81E —-03 | 1.00 | 1.62E — 03 | 1.18 | 2.15E — 03 | 1.53
128 || 1.18E - 03 | 0.68 | 1.05E —03 | 0.62 | 1.35E — 03 | 0.67
256 || 6.64E —04 | 0.83 | 5.90E — 04 | 0.83 | 7.49E — 04 | 0.85
512 || 3.50E —-04 | 0.92 | 3.12E - 04 | 0.92 | 3.93E — 04 | 0.93

Test 1. Errors and convergence rates obtained by using LADER scheme without applying
LADER methodology to the advection coefficient. Q = [0,2], tena =1, ¢ = cy = 0.5.



Advection-diffusion-reaction equation Numerical results

Test 2. Advection-diffusion-reaction equation

o Computational domain: Q = [0, 2].
o Time interval: [0,1].
o Flow definition:
9:q(x, ) + O« [A(x, 1)q (x, )] + Ox [alx, 1)Dxq(x;, )] = s(x; 1),
Ao t) =24+ x+ 12, alx,t) =103
s(x,t) = 4e 207t (x _ 1)(—1 — x — £?)
+1075(t — 1)2eX( D" (4 (x — t)e 2t 1)
105D (4 4 16(x — t)2)e 20"t

q(x, t) = e—2(x—t)2—t.



Advection-diffusion-reaction equation Numerical results

’ Cells H Errp: ‘ O Errp2 ‘ Op2 Errpe ‘ Or=
8 1.40E - 01 1.35E - 01 1.61E - 01

16 9.46E —02 | 0.56 | 843E—-02 | 0.67 | 9.65E — 02 | 0.74

32 537E—02 | 0.82 | 464E—02 | 0.86 | 5.28£ —02 | 0.87

64 2.86E—02 | 0.91 | 243E—-02 | 0.93 | 2.76E —02 | 0.94

128 || 1.47E—-02 | 0.95 | 1.24E —-02 | 0.97 | 1.41E—-02 | 0.97

256 || 7.50E —-03 | 0.98 | 6.30E —03 | 0.98 | 7.14E —03 | 0.98

Test 2. Errors and convergence rates obtained by using the first order scheme.
Q= [07 2]: tenda =1, ¢ = cy = 0.5.




Advection-diffusion-reaction equation Numerical results

(Cells || B | O

Err£2 ‘ O£2

Errp ‘ Or ‘

8 7.80E — 02 7.49E — 02 9.51E — 02
16 3.18E—-02 | 1.30 | 2.68E —02 | 1.48 | 3.88E —02 | 1.29
32 1.12E —02 | 1.50 | 9.57E —03 | 1.48 | 1.59E —02 | 1.28
64 529E—-03 | 1.08 | 425E —-03 | 1.17 | 7.00E —03 | 1.19
128 || 259E —-03 | 1.03 | 2.156E-03 | 0.99 | 3.22E - 03 | 1.12
256 || 1.30E—-03 | 1.00 | 1.09E — 03 | 0.98 | 1.53E — 03 | 1.07

Test 2. Errors and convergence rates obtained by using LADER scheme without the new
numerical viscosity term. Q = [0, 2], tena = 1, ¢ = ey = 0.5.



Advection-diffusion-reaction equation Numerical results

o Numerical results:

[ Cells | Emn | Op

Errp2 ‘ Op>

EI“I"[/oo ‘ OLQQ

8 6.86E — 02 6.67E — 02 9.31E — 02
16 244E —02 | 1.49 | 227E—-02 | 1.56 | 3.62E — 02 | 1.36
32 6.57E —03 | 1.89 | 6.56E —03 | 1.79 | 1.20E — 02 | 1.59
64 1.83E—-03 | 1.84 | 1.67E —-03 | 1.97 | 3.50E —03 | 1.78
128 || 6.23E —04 | 1.56 | 5.11E —04 | 1.71 | 9.66E — 04 | 1.86
256 || 2.38E —04 | 1.38 | 2.02E —04 | 1.34 | 3.48E —04 | 1.47

Test 2. Errors and convergence rates obtained by using LADER scheme with an
ENO-base reconstruction. Q = [0,2], tena =1, ¢ = cy = 0.5.



Compressible Navier-Stokes equations

Compressible Navier-Stokes equations




Compressible low Mach number flows. Governing equations

The system of equations to be solved reads

op | 4o
&—i—dlvpu_o,
Jdpu w .
W+]:,-“(wu,u)+V7r—d1v7':0,
T2

T:/,L(Vu—l—Vu )—§udlvul,
T = pRO,

Ne




Compressible Navier-Stokes equations Numerical discretization

Numerical discretization

Let us consider p", Q"*! the approximations of p(x,y,z,t") and q (x, y,

z, tn+1)

and Y™, 6"1 the evaluations of y (x,y,z,t"™) and 6 (x,y,z,t"!). Then

WL 0+l and 77t are defined from the following system of equations:

1 YA n . u n n n__ 1 n__
E(W" —Wu)—i—dlv]:“’ (Wg,p")+ V" —divr" =0,

n+1 __
p —

:
Ne
Ry

n+1

i (W(}“ ~W, ) +V (7" —7") =0,

div Wit = Q™

Yn+1 ’

(1)

()

3)



Compressible Navier-Stokes equations Numerical discretization

Overall method

o Transport-diffusion stage

Equation (1) is solved by a FVM.
@ Pre-projection stage
1

o p" is computed from (2).

o Q" is approximated as the time derivative of the density.
@ Projection stage
A FEM is applied to (3)-(4) in order to obtain the pressure correction.
@ Post-projection stage

W{}*l is updated by using the pressure correction.

A. Bermidez, S. Busto, J.L. Ferrin, M.E. Vazquez-Cendon. “A high order projection method for
low Mach number flows”. Submitted.



[€LIEES RN EVITES LIRS IEVIUEI  Transport-diffusion stage

Transport-diffusion stage

¢,, is the numerical flux function and <pu is the diffusion flux function

1 —~n+1 n .n
(Wl -wg )+ |C| Z u (Wi 1 Wi, of ] my)
v u U?auna ij :0
|C|/ |CN;Cf<P ( J nJ)

Artificial viscosity related to the density
¢ (WZ nwg,j’ p?a er"a UU)
1

1
5 [ZOWG 5, o7 my) + Z2(WG o7 my)] — Soks 5 (W — W)

1 v Wy, N n n n n n n\—2 n n
—3sign (aRs’ u) (WG, +WE ) (Wa, i+ WG ) - ny (o7 +p7) (6] — 7)) -
LADER scheme

To attain a second order in time and space scheme LADER methodology is also

applied to the density. To apply Cauchy-Kovalevskaya procedure, the mass
conservation equation is considered.
ek
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Compressible Navier-Stokes equations Pre-projection, projection and post-projection stages

Pre-projection, projection and post-projection stages

Pre-projection stage

At the pre-projection stage the source term for the projection stage is obtained
from the following relations:

n+1 n —n+1
Qn+1 pl I n+1
i

At’p’_ Ne yn+l’

6n+1z I i



Compressible Navier-Stokes equations Pre-projection, projection and post-projection stages

Projection stage

FEM is applied to compute the pressure correction, "1, The weak problem to be

solved reads:
Find 6"* € Vo :={z € HY(Q): |,z = 0} verifying

1 [ 1
/ grads"*! - gradzdV = —— / WL . gradz dV + —/ Q" 1zdVv
Q Q At Q

At
1 n+1
- Gz dA

for all z € V.

Post-projection stage

The conservative variables related to the velocity are updated using the pressure

correction, .
er}+l1 = Wﬂfl + At grad o7t



Compressible Navier-Stokes equations Numerical results

Test 1. Euler flow

o Computational domain: Q = [0,1].
o Flow definition:

p(x,y,z,t) = cos(t) + x + 1, m(x,y,z,t) =1,

; T
xsin(t) + 1
=\-—pnr.:700
U(vavza ) (COS(t)—i—X—f—]_’ 5 > 5
( =1, 6 o 10

enset = o9 - cos(t) +x+1

with =0 and
flll = fuz =0,
fu, = x cos(t) — (xsin(t) + 1) (2sin(t)(xsin(t) + 1))
us (x 4 cos(t) + 1)? X+ cos(t) + 1

the source terms related to the momentum equation.

o CFL=1.
o Dirichlet boundary conditions are set on the boundary.

ekt
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o Mesh features:

Mesh || N | Elements | Vertices | Nodes | v/™ (m?) vM (m?)
M 4 384 125 864 6.51E — 04 | 1.30E — 03
M, 8 3072 729 6528 | 8.14E — 05 | 1.63E — 04
Ms 16 | 24576 4913 | 50688 | 1.02E — 05 | 2.03E — 05

o We have denoted by N + 1 the number of nodes along the edges of the

domain, h=1/N, v;" the minimum volume of the finite volumes and v,iw the

maximum volume of the finite volumes.
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We have considered three different schemes:

Method ‘ Variable H Ewm, Ewm, Ewm, OMy /My  OMy/Ms
s 3.73E—-03 144E —-03 b5.29E—-04 1.37 1.44
Order 1
Wy 7.30E —03 4.05E—-03 213E-03 0.85 0.93
LADER T 413E—03 1.60E—-03 6.15E—-04 1.37 1.38
without ﬁ,-,\,U Wy 6.11E —03 3.23E—-03 1.71E-03 0.92 0.91
s 4.64E —04 1.93E—-04 9.21E—-05 1.26 1.07
LADER
wy 6.31E —04 1.62E—04 4.15E—05 1.97 1.96

Test 1. Euler flow. Observed errors and convergence rates. CFL = 1.

o Applying LADER methodology to compute the density is crucial to achieve a
second order scheme.

o If the new viscosity term is not considered, spurious oscillations arise when
applying LADER methodology.

J\V/\/a/t*'f\;



Test 2. Navier-Stokes flow

o Computational domain: Q = [0, 1],

o Flow definition:
p=10"2
p(x,y,z,t) =sin(myt) + 2,
m(x,y,z,t) = exp (xyz) cos(t),

u(x,y, z,t) = ((cos(mxt))?, exp(—2myt), — cos(mxyt)) T

y(x,y,z,t) =1,

108
0 t)= ————.
(xy,2,t) sin (wyt) + 2

o CFL =5.
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o Numerical results:

| Method | Variable | Ew, Ew, Eu,

OMy /My OMy /M3

m 332E-01 152E-01 6.76E-02| 113 117

Order 1
wy 145E—01 7.80E—02 427E—02| 089 087
Order 1 m 333E-01 152E-01 676E-02| 113 117
(Oep)exact | W 145E—01 7.80E—02 427E—02| 089  0.87
m 8.65E — 02 1.72E—02 4.40E—03 | 233 197

LADER
Wy TA3E-02 176E-02 433E-03| 208 202
LADER m 855E — 02 1.66E—02 377E-03 | 236 214
(Oep)esact | Wu 740E —02 175E-02 430E—03 | 208 202
LADER m 1.02E —01 2.68E—02 1.06E-02| 193 133

ntl

ke wy 820E —02 278E—02 123E-02| 158 118
LADER m 8.81E —02 1.74E—02 4.43E-03 | 234 1098
Py o wy TA4E - 02 176E-02 433E-03| 208 202

J\V/\/\c‘/{t\;
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Conclusions

Main differences between ADER and LADER methodologies:

o At the polynomial reconstruction step, LADER uses piecewise linear
polynomials whereas ADER considers linear polynomials.

o Within LADER, the evolved variables obtained for computing the diffusion
term neglect the presence of the advection term.

o Applying LADER, advection, diffusion and reaction terms need to be
computed using the proper evolved variables, which will be different for each
of them.

@ The resulting schemes have diverse stability regions.
Advantages of LADER:

o LADER profits from the dual mesh structure build using the face-type
volumes.

o Performing the 3D extension of LADER is easier than that of ADER.

J\V/\/(Ajt*'f\;
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Conclusions

o The space dependence of density may produce spurious oscillations on the
solution of the momentum equation.

o The numerical flux function has been modified by adding a new upwind term.

o Willing to obtain a high order scheme, LADER methodology has also been
used.

@ In order to get insight on the effects that the variable density has on the
accuracy of the scheme, the unidimensional advection-diffusion-reaction
equation with space and time dependent advection coefficient has been
examined.

o The corresponding accuracy analysis together with the empirical convergence
rate studies reveal the necessity of reconstructing and evolving both the
conservative variable and the advection coefficient to attain a second order
scheme.
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