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Governing equations
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E is the usual stiffness tensor according to the Hooke law
oij = Ejjki€w
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Sharp Interface approach

A high order method on unstructured staggered meshes
Diffuse interface approach

A diffuse interface method on Cartesian AMR grids
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Unstructured staggered mesh
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Example
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Basis Functions

Fixed p € N we want a polynomial basis able to reconstruct
exactly a polynomial of degree p.
It depends on the element where we want to reconstruct the
polynomial.
{(&ks7k) }k=1..n a set of distinct points in the reference element
Tstd or Rstd, the coefficients of the polynomials can be found by
imposing

1 k=1

ok(&,m) = { 0 k|

and solving a linear system.
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Basis Functions
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Triangle Transformations
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Triangle Transformations
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Space-Time extension

Q;, {¢k(x)}a N¢ = N¢(p)

Q, {1k (%)}, Ny = Ny(p)
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Space-Time extension

Qj, {¢k(x)}’ N(i’ = N¢(p) - Q?t =Q;xT, {ék(xa t)}v NG = N¢(P) ) (p’Y + 1)

Qi {er(x)}, Ny = Ny (p) = Q5 = Q; x T, {dhi(x, 1)}, Nif = Ny(p) - (py + 1)
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Space-Time extension
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Space-Time extension
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Numerical method
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Definition of the quantities

@ vi(x,t) = vp(x, t)|ost and pi(x) = pn(x)|qs are defined on the
main grid; I I

° gj(x,t) = au(x, t)|QJ§t and Ej(x) = Eh(x)|Qj§t are defined on
the dual grid.
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Definition of the quantities

® vi(x, t) = va(x, t)|os and pj(x) = pp(x)|qs are defined on the
main grid;
° gj(x,t) = au(x, t)|QJ§t and Ej(x) = Eh(x)|QJ§t are defined on
the dual grid.
NG

vi(x,t) = ZW £ = ¢ (x, )97,

st
N«>

pi(x, t) = Z¢ (x, )at =: ¢(x, 1)p7 "1,

st
Nw

ai(x,t) = Y P (x 0)a7t = p0(x, )67

st
Ny

Ej(x) = 21/)/ x)E;; =: Y (x)E;.
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Weak formulation

/qﬁk 9PV i it —/J)(k")v-adxdt —0.

Qst let
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Weak formulation

(1) 0 (i (i
/qs(k)ait"dxdt = /¢‘k)a~n,d5dt—/v¢(k)-adxdt =0,
Qs ozt st
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Weak formulation

4

/¢( 1O it — /ggs(i)aon;detf/Vg?)Ej)~a‘dxdt -0,

Qs oQst Qst
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Weak formulation

/&ii)%dx dt — / #o - n;dS dtf/Vg?)S(i) odxdt | =0,
Qs Qs Qst



st
Qi

/&i”%dxdt - (/ Mo . nidS dt—/v&kf) - o dx dt) =0,
st Qs
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Weak formulation
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Weak formulation

/&ﬁi)—a(g‘t')’dx dt -3 /q"s(k")aj.n,-yjds dt — /v&‘k’” -oydxdt | =0,

Qst JESH \rs Qst.
! J 1)
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Weak formulation

<) O(pv)i 2(i ntl,— n+l,— 7 (i
/¢£)7dxdt = Q/d’(k)(x,fﬂ )ovi(x, ") Q/¢(k " )pvilx, £ 7 )dx
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Weak formulation

~(i) O i (i -
/¢£’)%dxdr = [ e e yax = [ E0 s it £ e
ngt Q; Q;
5(7)
13}
— gk (pv);dx dt,

ke
35
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JES



Numerical Method
0000000000e0000000

Weak formulation

/z/;k)aadxdt /wk E- Vvdxdt = 0.

Qst Qst
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Weak formulation

/z/?,(f)a—‘:dxdt —/W)E-v\,dxdt =0.

Qs Qs
J
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Weak formulation

/ dg)%dx dt — / VR - Tvygjydxdt — / VR - Vv, ydxdt — / GUE; - (v, — ve(g)) © njdS dt = 0.
st

Qst Qst . Qst. . rst
i £Gi).J (i), J
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Weak formulation
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Numerical Method

Mi(pv)] = M} (pv); + Zj; Di; - &j,
JES;
1 —an | E " E v
= M767 + Ej - Qu) Vi) + Ej - Qi)
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Numerical Method

We get for every i and j € S;

- ~ n+l - A.n .
Mf(pv)i = M,‘ (pv),' + ZS D,',j . 0'”+1j,
JE

A 1 n +1
M6 = My 6] + B Qui 9y) + Bj - Qry) 197
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Numerical Method

Formal substitution of & in the momentum equation we get

M; piaft = > Dy M (Ej - Qu(j) Vi) +Ej- QrU),ijJ)l) =
JES:
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Numerical Method

Formal substitution of & in the momentum equation we get

M; piaft = > Dy M (Ej - Qu(j) Vi) +Ej- QrU),ijJ)l) =
JES:

@ is a 5-points block system in 3D and a 4-points block system in 2D
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JES:

@ is a 5-points block system in 3D and a 4-points block system in 2D

@ for p, = 0 and homogeneous material is symmetric and positive
definite
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Numerical Method

Formal substitution of & in the momentum equation we get

M; piaft = > Dy M (Ej - Qu(j) Vi) +Ej- QrU),ijJ)l) =
JES:

@ is a 5-points block system in 3D and a 4-points block system in 2D

@ for p, = 0 and homogeneous material is symmetric and positive
definite

@ All the matrices M, @, D can be pre-computed Vi, j € 5;

It can be efficiently solved by the GMRES algorithm or better by the CG
Method.
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Numerical Method

Further properties of the staggered space-time DG schemes for
linear elasticity in the homogeneous case:
e For any p > 0 p, > 0 the fully discrete method is energy
stable
@ For p >0, p, = 0 and for the special case of a
Crank-Nicolson time discretization the scheme is also exactly
energy preserving
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Sharp Interface approach

Numerical experiments
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Numerical experiments

=

u v O xx Oy
1760 1.253E-01 2.675E-01 5.111E-01 3.003E-01

3960 4.609E-02 2.5 1.284E-01 1.8 2.428E-01 1.8 1.248E-01 2.2
7040 2.479E-02 2.2 7.356E-02 1.9 1.387E-01 19 6.938E-02 2.0
11000 1.567E-02 2.1 4.741E-02 2.0 8.931E-02 2.0 4.430E-02 2.0

u v T xx %%
1760 1.512E-03 3.249E-03 6.081E-03 3.156E-03
3960 3.697E-04 3.5 6.568E-04 3.9 1.218E-03 4.0 6.411E-04 39
7040 1.416E-04 33 2.118E-04 3.9 3.882E-04 4.0 2.086E-04 3.9
11000 6.901E-05 3.2 8.872E-05 3.9 1.601E-04 4.0 8.835E-05 3.9
N; u v O xx Oyy
1760 5.522E-05 3.323E-05 4.781E-05 3.835E-05
3960 1.079E-05 4.0 5.544E-06 4.4 6.534E-06 4.9 6.313E-06 4.4
7040 3.414E-06 4.0 1.677E-06 4.2 1.824E-06 4.4 1.906E-06 4.2
11000 1.396E-06 4.0 6.827E-07 4.0 7.183E-07 4.2 7.668E-07 4.1
N; u v Oxx Oy
1760 2.480E-06 1.216E-06 1.400E-06 1.434E-06
3960 3.270E-07 5.0 1.582E-07 5.0 1.820E-07 5.0 1.869E-07 5.0
7040 7.724E-08 5.0 3.733E-08 5.0 4.292E-08 5.0 4.418E-08 5.0
11000 2.532E-08 5.0 1.218E-08 5.0 1.402E-08 5.0 1.442E-08 5.0

BAPAT | WWWWT|(MNNNNT |- R HT
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Numerical experiments

]

Plane wave scattering on a circular cavity. Comparison of the isocontours

of the stress tensor component o, between the reference solution given
by an explicit ADER-DG scheme (left) and our new staggered space-time
DG scheme (right).
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments

Reference
77777 Staggered DG

Reference
————— Staggered DG

time

Reference
77777 Staggered DG
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Numerical experiments

Number of average iterations needed for the GMRES
algorithm with different preconditioners on the uniform
unstructured grid (mesh 1) and the one containing the
sliver elements (mesh 2) with (p, p) = (4, 2).

Iter. Mesh 1 Iter. Mesh 2 Factor
None 112.59 611.95 5.43
Pre 1 86.73 191.77 221
Pre 2 53.27 53.38 1.00
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Numerical experiments

u gD Rec.1 - uSwagGRec3

i PDESol Rec 1 —— U PDESoiReca

_ -~ vSiagoGRec  vSagDGRec3

0.0008 ——— v PDESol Rec.1 v PDESol Rec.3

W StagbG Rec.1 0.0004 W SiagDG Rec.3
w PDESol Rec.1 W PDESol Rec 3

0.0006
0.0003
0.0004
0.0002
0.0002
0.0001
2z 0 2
> = 0
-0.6002 E
-0.0001
-0.0004
-0.0002
-0.0006
-0.0003
-0.0008
-0.0004 |
1 1 1 1 1 1
0001 1 2 3 0 1 2 3

time time
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Main results

Main results

@ Arbitrary high order method for the two and three-dimensional linear elasticity;
The grid can be eventually curved;

High order is achieved with a very small stencil;

for p,, = 0 the main system results symmetric and positive-definite;

The method is energy stable Vp, p~,

For the special case of a Crank-Nicolson time discretization, the method is proven to be exactly energy
conserving.

References

| N

M. Tavelli and M. Dumbser, Arbitrary high order accurate space—time discontinuous Galerkin finite element
schemes on staggered unstructured meshes for linear elasticity, Journal of computational physics, 2018
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Diffuse interface approach

We address the problem of geometrically complex free surface boundary
conditions for seismic wave propagation problems with a novel diffuse
interface method (DIM) on adaptive Cartesian meshes (AMR) that
consists in the introduction of a characteristic function 0 < a < 1 which
identifies the location of the solid medium and the surrounding air (or
vacuum) and thus implicitly defines the location of the free surface
boundary.
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Diffuse interface approach

We address the problem of geometrically complex free surface boundary
conditions for seismic wave propagation problems with a novel diffuse
interface method (DIM) on adaptive Cartesian meshes (AMR) that
consists in the introduction of a characteristic function 0 < a < 1 which
identifies the location of the solid medium and the surrounding air (or
vacuum) and thus implicitly defines the location of the free surface

boundary.
do 1 1
dov oy 5 Livaco,
ot p p
da 0N o ap
5t O'E 0, En 0, ¢ 0
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Diffuse interface approach

oQ oQ oQ oQ
5 +B1(Q)—— +By(Q)— +B3(Q)— %

Ox Oy =0,

T
Q= (UXX7 OyysO0zz,0xy; Oyz, Oxz, XU, OV, AW, A, p, a) ’
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Diffuse interface approach

The matrix of right eigenvectors of the matrix By is given by

pc§ 0 0 0 0 0 0 0 0 —ox 0 0 pcg
plca—2¢2) 0 o 1 0 0 0 0 0 0 0 0 p(cg—2e2)
plca—2¢2) 0 0 0 1 0 0 0 0 0 0 0 p(ch—2c2)
0 pc2 0 0 0 0 0 0 0 =—og 0 pc 0
0 0 0 0 0 1 0 0 O 0 0 0
R_ 0 0 p2 0 0 0 0 0 0 -0 pc2 0 0
- cp 0 0 0O 0 0o o o0 O au 0 0 —p
0 Cs 0 0o 0 0 0 o0 O av 0 —Cs 0
0 0 Cs 0O 0 o o o0 o aw —cs 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 O 0 0 0 0
0 0 0 0 0 0 0 0 O a 0 0 0
The eigenvalues associated with the matrix B; are
A1 =—Cp, A23=—C, X456,78,910=0, Ai1,12=+C, A13=+cp,

where

[A+2p H
p =4 — and Cs = ] —
p P

are the p— and s— wave velocities, respectively.
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Diffuse interface approach
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2 2
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C Cp
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Diffuse interface approach

Q Q Q 0Q _
Je TBUQ G T BAR) 4 Bs(Q) =0,

Numerical scheme

@ Arbitrary high order accurate (in space and time) explicit ADER-DG
schemes on Cartesian meshes;

@ Adaptive mesh refinement (AMR);

@ a posteriori subcell finite volume limiter with a very robust second
order TVD scheme.

CFL h 1

At<—= 2
ST N1
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Numerical experiments

1 Finite interface thickness Ip > 0;

s o0st shifting parameter 7;
° Y
, 1 o> (1),
o0s - b _nm
&(r) 9*(1—”7)’0 e < —(1-mn)p,
2 if re[=@—=mn)p,1+n)p]
] a(r) = (1 - €)™,
:ﬁf;"zui a e <« e(a) = el — @)
E::E:;EE a? + e(a)
B N N Rt g g
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments




Diffuse interface
0000000000000 e0000000000000

Numerical experiments

3500
3000 .Receiver 2
2500
2000
1500

1000

500




Diffuse interface
00000000000000e000000000000

Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments




Diffuse interface
0000000000000000000e0000000

Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments

Reference —— relerence Reference
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time tme time
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o E— seos J— seosp o
15805 s
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1605
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se0s 20
o 205
s > 50
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1e.05| 2e0sf-
2205
15805
ae.05 e
2e0sF
. , , ) . , , , . , . ,
25 T 3 g o= T B 3 o= T > 5 3

7 z
time time time
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Main results

Main results

@ A novel diffuse interface method (DIM) for the simulation of seismic
wave propagation for arbitrary complex geometries;

@ The free surface topology does not affect the CFL time restriction
(no sliver elements) since « has no influence on the eigenvalues of
the governing PDE system.

@ It does not require any external mesh generation tools or any
manual interaction with the user.

References
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Appendix

15}
71‘ (Qsps) +V. (asps"s) = 0,
15}
a (aspsvs) + V - (aspsvs @ vs + asos) — oy Vas = aspsSv,s,
1e]
a (aspsEs) + V - (aspsEsvs + asosvs) — o Vas - vy = aspsSy,s * Vs,
— (agpg) + V- (cgpgvg) = 0,
ot
15}
B (cgpgyg) + V - (agpgVe ® vg + gog) —0gVag =  agpgSug,
5]
e (cgpgEg) +V - (agpgEgyg + agogvg) — o/Vag v =  ogpgSug - Vg,

o]
—as +v;Vas = 0. (1)
ot
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Appendix

Assumptions:
@ The interface between solid and gas is not moving, i.e. v; = 0;
@ all evolution equations related to the gas phase can be neglected;
@ we assume the density ps of the solid phase to be constant in time;

@ the nonlinear convective term aspsvs ® Vs;

boundary condition at the interface leads to o5 - Vas = 0.
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