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A Compressible Flow




Another Compressible Flow
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Boundary Conditions Determine the Flow!

Yet:

e Hardly discussed except in passing
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We stuay...

e Conditions under which DGSEMSs are stable

e Examples of stable BC implementations

e General Analysis




Compressible Flow Model

Navier-Stokes Equations: Conservative form
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Compact Version

Vector of Vectors: ?:_ f5 |




DGSEM Approximation

Subdivide domain into elements




Unstructured Grids OK




Unstructured Grids OK
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DGSEM Approximation

Map Element to Reference Element

|Isoparametric Map
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Transformation of Operators
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NS In Reference Coordinates
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Weak Form Construction

f_ f
jut—FVg ReV§ ( q)

ja: Mﬁgu

(1) Take inner product of equations with test functions
(u,v) = [ uwvdE




Approximate

Functions with polynomials

Boundary quantities
/ with numerical ones
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Continuous Function
Approximation
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Approximation by Polynomial
Interpolant




Arbitrary High Order

Acoustic Scattering from a Cylinder

74th Order




Differentiation

Differentiate interpolant, evaluate at quadrature points
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1,7,k=0
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Differentiation

Gradient
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Integral Approximation

(Gauss-Lobatto Quadrature ‘
/
Integration over Volume
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Summation-By-Parts

-xactness of Gauss Quadrature implies

Integration By Parts
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Summation by Parts

Works In each direction

F
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Discrete Gauss Law




Discrete Integral Calculus
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Coupling-Advective

Riemann Solver

742 1) (0t -7

F* (U, U") =




Coupling - Diffusive
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Weak Form Construction...

Apply Gauss Law again...




Split Form/Two Point Flux
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Volume Terms




Volume Terms
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Special Averages
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Special Averages
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Key Ingredient

Summation-By-Parts and form of F* implies

< F#,U>=% | UF fds
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Stability Analysis
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Linear £nergy Bound




BC Implementation

BC Implementations are stable if

(SSC). -fz U—. .Fn UTFn20

Dirichlet-Type Neumann-Type




Typical Implementation

(E) [F—%(En)]TU >0 —uler Part
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(D) [FiTu+unT (EU ) - U” (F,-2)| <0 Navier-Stokes Part




Examples

e Fuler Inflow/Outlfow
e Euler Free-Slip Wall

e Navier-Stokes Inflow-Qutflow
~ * Navier-Stokes Wall




L inear-Symmetric Equations

N=(U,y,w)-h
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Fuler Inflow-Outflow

Free Free
Stream Stream

U=0 - U=0

Specity Free Stream in Upwind Riemann Solver




Euler Free-Slip Wall

Specity No
Normal Velocity ._

N=(U,V,W)-h=0

0
nx(bp+aP)

n, (bp+aP)
nz(bp+aP)
0




Euler Free-Slip Wall

— (v ﬁ)eXt _NeXt_ (v ﬁ)int _ Nint
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Navier-Stokes Inflow
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Stream
U=0

Specify Ext State




Navier-Stokes Inflow
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Navie
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Free
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Navier-Stokes Wall

Satisty (E) through Riemann Solver
Re-Write (D)
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Navier-Stokes Wall
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Not so fast...

A Guide to the Implementation of Boundary Conditions... AIAA 2014

Use interior Solution U=U

Viscous Flux from Interior: ¥* =F, - n




Nonlinear: Entropy Bound




10 DO

e Robin Conditions

e Entropy BCs

Issues: Linear theory well understood




summary

Have linear and entropy stability bounds to
establish stability of DGSEM Approximations for

o Arbitrary 3D geometries
e Curved elements
e Any polynomial order




