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Mathematical model Incompressible flows

Incompressible flows
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Mathematical model Incompressible flows

Incompressible Navier-Stokes equations

divpu =0,

dpu

e + div F (wy, u(x, t)) + V7 — divr = fy,

=p(Vu+Vu').

o Time: t. .

] @ Viscous term of the stress tensor: 7.
@ Density: p € R. o ]
) @ Dynamic viscosity: .
@ Velocity vector: u =u(x,y,z,t).
@ Source term: f,,.

o Flux: F*™(wy,u(x,t)) = ujw,,
i=1,2,3.

@ Conservative velocity vector:
w, =pu

@ Pressure: m = 7(x,y, z, t).
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Turbulence

Reynolds-averaged viscous stress tensor
k — ¢ standard

T:TquTR, Tu:u(VquVuT),

™R =p (Vut+vu’) - %pkl.

k2
Mt = pCN’?’ CN/ = 0.09.

@ Reynolds stress tensor, 7. o Conservative turbulent kinetic

: . ener :
@ Turbulent viscosity, ;. &Y, Wk
o @ Dissipation rate, €.
@ Turbulent kinetic energy, k. . o
o Conservative dissipation rate, w,.
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Mathematical model Incompressible flows

k2
He = PCM?7
k
%p + div F™ (wk, u(x, t)) — div [(,u—f— Nt) Vk} + pe = Gy + £y,
ot Ok
dpe

2
En + div F"e (w., u(x, t)) — div Kqu 'ut> Vs} +pC25% = ClE%Gk P s

0.

3 2

e Ou; Oy

Gk ~ —

K= Z (8)9- + 8x,-) ’
ij=1

Cie =144, G =192, C, =009, o,=10, o.=13.

o Flux: F"s (wk,u(x,t)) = uw, @ Source MMS terms: fy, f.
F" (we,u(x, ) = uwe. @ Prandtl numbers: oy, o..

@ Turbulent production: Gy. @ Closure constants: Gy ., G .

ekt
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Species transport and energy

Species conservation equations

9PY | diy 7% (wy, u(x, £) — div | (pD+ 22 ) vy| =¥,
8 SCt

Energy conservation equation

36p + div F* (wh, u(x, t)) — div [<p2>+ = ) Vh} —diva, +f.

@ Species: Yy = (¥1,---,¥N,)- o Flux: 7™ (wy,u(x,t)) = uwy,
@ Number of species: N.. F (wh, u(x, 1)) = uwp,

. . o Mass diffusivity coefficient: D.
o Conservative species: wy = py.

@ Schmidt number: Sc;.
o Enthalpy: h.
c _ o A @ Heat flux: q,.

@ (Conservative enthalpy: wy, = ph. o Source terms: fy, .
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Mathematical model Incompressible flows

Conservative variables

We introduce the conservative variables

PY1 Wy,
pu1
~ Ne W,
Wy = | pus | > w = Py = e y
ph Wh
pus
pk Wi
pE We

Then, the flux can be expressed as

Wi
F = (F1FR T3 )33 Fi' = ujwy = — wy
p

Fo

1
F= (fllf2|f3)(3+Ne+1+2)x37 Fi=
Wi
P 3+Ne+142

N ‘/t*f;
T A FV/FE projection method for compressible low-Mach number flows

= UjWw,

Wy

=3

i=1,2,3.
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Mathematical model Incompressible flows

Hence, the system of equations can be rewritten:

divw, =0,
ow,
ot

awy i Wy —di ﬁ l —
ot + div 7" (wy, u) — div KpD—i— 5Ct> \Y <pwy)] =fy,

1 2
+diV.FW"(Wu,U) + V7 —div |:p (/,L“r/lt) (VWU+VWI) — 3Wk/:| = fu,

% + div F¥ (wp, u) — div _(pD T g;) \Y “:] — —divq, +f,
5 -
TV L div P (wy, u) — div (u n “t> v Wﬂ T w. =G+ £,
ot L Ok p
d [ 2 e
e + div F¥ (w,, u) — div (,u—i—ﬂt)vwe} +,0C25& = ClemGk'i‘fsy
ot L Oc p Wy Wi
) 3 2
Wi e Ou;  Ou;
pe=Cu szZ(axj+ax,> :
ij=1
J‘/\/(j*«;
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\EYENENIEI NN CE  Low Mach number flows

Laminar low Mach number flows
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\EYENENIEI NN CE  Low Mach number flows

Low Mach number equations

We will assume that the Mach number, M, is small enough for splitting the
pressure into a spatially constant function, 7, and a small perturbation, 7:

p(x,y,z,t) =7(t) + n(x,y, z, t), = 0(M~2)

SR

with
o 7(t) provided,

@ 7 neglected in the state equation and retained in the momentum equation.
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\EYENENIEI NN CE  Low Mach number flows

Compressible Navier-Stokes equations

dp
ot

+divpu =0,

%—l—Vw—diVT—l—div(pu@u):ﬂ,,

T=p(Vu+Vu') f;udivul,

Y
M;’

Ne
F=pRI, R=R) R = 8314 J/ (kmolK).
i=1

Density: p = t).
® Density: p=p(x,y.2,1) @ Molecular mass (species Y;): M;.

@ Gas constant: R.
e Temperature: 6.

@ Universal constant: R.
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\EYENENIEI NN CE  Low Mach number flows

ap

ot +divpu=0, (2)
dpu | OFi(u,p)  F(u,p)  F3(u,p) .
- :fua
ot T ox oy gz TVrodvT
div(F(u,p))
T = pRO. (3)

From (2) and (3) we get the following divergence condition:

. 0 o (7
div (pu) = —a—i =% (R9>

so that, the system of equations to be solved reads

% +div(F(u,p))+ V7 —divr = f,,
divpu =g,
where
A
7= "9t \Ro)
Jf/n/th;
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\EMEYEGTLINNEEEE Low Mach number flows

Species transport and energy

Species conservation equations

8f)py +div FY ((u,y), p) — div (pD Vy) = 0. (4)
Energy conservation equation
88,0 +div F" ((u, h), p) — div (pD 'V h) = 0. (5)

Taking into account the mass conservation equation and the chain rule, equations
(4) and (5) are rewritten as

1
% + div (yv) —ydivv—;div(pDVy) =0,

h 1
% + div (hv) — hdivv —=div (pD; V h) = 0.
p
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\EYENENIEI NN CE  Low Mach number flows

The resolution of the Navier-Stokes equations and the species transport and
energy conservation equations are coupled by state equation,

o (7
F—pRO ~ qg=—— ().
T =pRO 9 at<R9)

The following equation relates the internal enthalpy for a perfect gas and its
temperature:

0
h(0) = hg, —|—/ c-(r)dr.
0o
@ Standard enthalpy formation: hg,.
@ Temperature of formation: 6.

@ Specific heat at constant pressure: c;.
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\EYENENIEI NN CE  Low Mach number flows

Conservative variables

The vector of unknowns of the new system reads

n Wy,
puL
Wy = | pup | > W = = )
YN, Wy,
pu3
h Wh

Then, the flux can be expressed as

v o Wy Wy Wy Wu __
fw—(f1 fz fa )3X37 f,- = Ui Wy
Wy
Fi
F= (f1|f2|f3)(3+Ne+1+2)x37 Fi=
Wi
P 3+Ne+1+42

/‘J‘/(j*r\;
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\EYENENIEI NN CE  Low Mach number flows

Hence, the system of equations can be rewritten:

. o (7
divw, = g, q:—a Ro )

owy
ot

2 1
2 div (wu /)] —o,
3 p

+ div FY (wy, p) + V7 — div

(7 () ()

1
% +div % (w, p) — wy divu—= div (5D V wy) = 0,
P
1
% +div F*" (w, p) — wy divu —= div (pD; V w,) = 0,
P
0
h(g) = hg, +/ cﬂ(r)dl’-
0o
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\EYENENIEI NN CE  Low Mach number flows

Equations dependency

Incompressible flow with turbulence:

Species transport

/TN

Navier-Stokes equations (7, w) Turbulence model (k, €
\ .~ 00— /

Energy conservation (k)

Laminar low Mach number flow:

/ Species transport (Y) *

Navier-Stokes equations (m, w) Temperature () —® State equation

\’ Energy conservation (h) /(
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EIRVELEEIN Numerical discretization

Numerical Method
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Numerical discretization
Let W" 7" be an approximation of the conservative variables, w (x, y, z, t"), and

of the pressure perturbation, 7 (x, y, z,t"). Then W™ 7ntl can be defined
from the following system of equations:

—~n+1 n
o 2y iy (e (W o) + 0 —div () =, (6)
—~n+1
Wn+l ~W + . .
StV (x —) =0, (7)
divWith = gt (8)
.
1 1 2 1
T"=pu |V (W") +V (W") — —div (W"I) ,
p " p " 3 p "
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\IILCEIRVETIIN  Numerical discretization

wit o wo 1
y w”" : n)| —
T+d1vaV( ,p) —div {pDV<pWy>} =0,
1l gt
Wy W, —f
At v
Wn+1 Wn wn
hT + div F* (W", p) — div {pDV "} = —divQ?,

= f’
At h
9n+1
A = ho, + cr(r)dr,
J 6,
n+1 T
P - Ne Yn+1
9n+1 i
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Overall method

Transport-difusion stage:

o Equations (6), (9) and (11) are solved by a FVM.
o Species and energy variables are updated from equations (10) and (12).

@ Pre-projection stage: temperature and density are computed from the
updated species and enthalpy using (13) and (14).

@ Projection stage: a FEM is applied to (7)-(8) in order to obtain the pressure
correction.

—~n+1
@ Post-projection stage: W: is updated by using §"*1, (7) (the new
approximation, Wﬂ*l, satisfies the divergence condition).
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A dual finite volume mesh

@ Barycenter of the faces of the
tetrahedra:
{N;, i=1,...,M}.
@ Set of the neighbours of N;: ;.
@ Volume of C;: vol(G).

@ Boundary of C;:
[ = 8C, = UjG)C,- I'U

@ Outward normal to I'j: n;, (n; = i * ||m;l])-
o Area of i 5 =3 i, S(Myj) = X jexc, lImisll-

rib == ri ﬂQ’
@ At the boundary (N; € T):

nip outward normal.
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Nu ical Method Transport diffusion stage

Transport-diffusion stage
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\FIUEIEINVELELEE  Finite volume discretization

Finite volume discretization

Integrating equations (6), (9) and (11), over the finite volume C; and applying
Gauss theorem we obtain

1 C,' vl
VO( )(letl /]:W"(Wu,p /Vﬂ'

At
+/ (T”)ﬁds—i—/ fldv,

i

1(G) (e Wy
Yo (C)(WY+,1 wY /f““ ”,p)ﬁdS—/ pDV — ﬁd5=/deV»
A r; P G

1(C) /—~ oo wry
vol( )(Wh",+1_vvh",)+/rfvvh(w ,p)ndS—/r <pDV ph>nd5

At
—/ qfﬁd5+/ fodV/ .
r G

i i
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Numerical flux

[; is split into the cell interfaces, Iy, N; € K;,

/dlv[]-' " pM]dW = /]:(Wn,p = Z/]—' " p");dS

N;eK;

Numerical flux on a cell boundary, I;

Z (W7, p" 7)) == F (W7, p") .

The integral on I';; is approximated by an upwind scheme,

/r F (W, o) 7,5 ~ & (W2, 7, (W2, o) ;)

with ¢ the numerical flux.
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NTIACEIR VDI Numerical flux

Numerical Flux: Rusanov scheme

n n 1 n n
o (W7, 07, (W7, pf) ,my) = 5 (2" (W7, ny) + 2" (W], my))

1
_EQRS ((W7a 07)7 (an7 pjn)’ ny) (WJn - Wln) :

@ Coupled
QRS ((Wrn7p7)7 (vapjn)777y) = max {2 ’UI ny

@ Decoupled

2 |Ujmy}

ity (W, 7). (W ). ;) = max {2 Uy -y 2]U; oy}

drs (W7 7). (W7, o). m;) = max { sy |U; g}

o i
ek A FV/FE projection method for compressible low-Mach number flows SHARK-FV, 2017



NTIACEIR VDI Numerical flux

We consider two different schemes to obtain second order:

@ CVC Kolgan-type scheme
A. Bermudez, S. Busto, M. Cobas, J.L. Ferrin, L.Saavedra and M.E.
Vazquez-Cenddn. “Paths from mathematical problem to technology transfer
related with finite volume methods".

@ Local ADER scheme

S. Busto, E.F. Toro and M.E. Vazquez-Cendén. “Design and analysis of
ADER-type schemes for model advection-diffusion-reaction equations”.
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A new Kolgan-type scheme: CVC

@ New upwind second order scheme

At
+1
W =W (4’ (W'n’ Wit Wiji 2, ng,ﬁl/z)

ow f (W ~ ;
)+ 2 (=0 e
ot Ox *¢(VVJ—1’WJ ’WL,j—1/2’WR,j—1/2))
@ Numerical flux
f(U) + f(V 1
(U, V, UL, Vi) = % — 5 1Q (UL, Vi)l (Vi — U1)
Xjn Xisin2 . "
| [ | } | Wijip = Wimi +A7% ), W1 =W+ 47,
X X, Xju Wijiip =W+ A7, Wejip = Wi + A%

A].L*, AJR* the left and right limited slopes at the node x;:
i 1
Als _ max |0, min (5 (Wj —W;_1), Wi g =W Wiy1 — W; >0
J min [0, max % Wi —Wi_1), Wi =W Wit1 —W; <o
i 1 = W f —w - W
AR* B max |0, min ( — 3 WJ+1 Wj ,Wj,1 Wj WJ,1 Wj>0
i i 1
min [0, max -3 Vl/j+17Wj ,%71—M Wj71*Wj<0

L. Cea and M.E. Vazquez-Cenddn. “Analysis of a new Kolgan-type scheme motivated by the
shallow water equations”.

R

"+
—nnek A FV/FE projection method for compressible low-Mach number flows SHARK-FV, 2017



WNIICEIRVETIE  Numerical flux

n UL n n ijR
L=W7+A ne = W7 — AR,

AL and AR are the left and right limited slopes at the face defined with the
Galerkin gradients computed at the upwind tetrahedra Tj; and Ty, and taking

into account some limiter:
AL = L/m( (VW mL) N;N; ,WJ’-7 —Wf’) ,
AR — L/m( (VW””—UR) N;

=
2
\

2

the numerical flux reads

(Ib ((Wfla pl”)? (anv pjn)a ( Z’Lv p?jL)? (W;}'Rv pZ‘R)v nij

(Z(W2, pi,my) + Z(W?, o7 m;))

QRS ((WZ'La pZ’L)a (WZ'R,PZ'R)»UU) (WZ'R - WZL) .

'\)"—‘l\)\i—l

M*«\
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Step 1. ENO-based data reconstruction®. First-degree polynomials of the conservative
variable are defined in each cell at the neighbouring of the faces:

Py (N) = Wi + (N — ;) (VW)

U )

pi, (N) = W + (N — N)) (VWY

(VW) ‘(VW)T AN’ ’VW)

(VW)=
(VW) ‘(VW)TLAN’ ‘vw AN‘
(W, YWy, <|vw),,-
(VW)JU:
(VW) ‘(vw A‘ ’(vvv)
AN = Nj — .

LE.F. Toro "Riemann solvers and numerical methods for fluid dynamics: a practical
introduction. Third edition". Springer, 2009.
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Step 1. ENO-based data reconstruction®. First-degree polynomials of the conservative
variable are defined in each cell at the neighbouring of the faces:

ping(N) = Wi + (N — N;) (VW)

ijo

Py (N) = Wj + (N = N;) (VW)

Step 2. Computation of boundary
extrapolated values at the barycentre
of the face 'y, Nj.

e

Win, = pin, (Ny) = Wi + (Nj — N;) (VW);

ijo

Win; = pin;(Ny) = W+ (N — N;) (VW)

) ¥

LE.F. Toro "Riemann solvers and numerical methods for fluid dynamics: a practical
introduction. Third edition". Springer, 2009.
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NTIACEIR VDI Numerical flux

Step 3. Taylor series expansion in time and Cauchy - Kovalevskaya procedure are
applied to locally approximate the conservative variables at time 7 = at,

¢
S At
Win, = Win; — %, (Z(Wi,m;) + Z2(Wj,m;))
At
er (a"NUVW\T/jLnij + O‘J’VUVW\TURWU) ,
if
S At
Win, = Wn, — T (Z(Wi,my) + 2(Wj,m;))
At
+@ ( VWlTJL/r’U + aJNUVW|TURTIu)
ij

Lj = min {Vg(l(qc;), vg(l(cjcs) } a;n; diffusion coefficient.

Step 4. Computation of the numerical flux considering Rusanov scheme:

S 1 _
o (Wi o?) « (Winyooi ) o) = 5 (2 (Wigoms) + 2 (Wi ) )

1 Y VP Wi _Wn
_50‘*?5 ((W7N07pf)7(WjN,-j7pj)7nij) (WjN,-j - WiN,-j> :

- o
ek A FV/FE projection method for compressible low-Mach number flows SHARK-FV, 2017



WNACEIRVETIE  Pressure term

Pressure term

Pressure term

/Vw"dv— > / n"fj;dS.

N;elC;

The pressure is approximated by the average of the values at the vertices of the
face.

1 .
/r m"ijdS & 5 (1" (V1) + 7" (V2) + 7" (B)) area (Ty) i =

ij

= |55 (77 () 77 (V2)) 3 (0 (V) £ 7 (V)
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Viscous terms

Viscous term of the momentum equation
/divr"dV: > / TidS = Y / 1tV uij;dS.
G Ty Iy

' N;EK; N;eK;i

Gradient approximation:
@ orthogonal and non-orthogonal flux in the face ?;
@ Galerkin approximation at the tetrahedron of the face;
© average of the Galerkin approximation at the upwind tetrahedra;
@ average of the Galerkin approximation at the three tetrahedra.

2A. Bermudez, J.L.Ferrin, L. Saavedra and M.E. Vazquez-Cendén "A projection hybrid finite
volume/ element method for low-Mach number flows".
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\ICEIRVETIE  Viscous terms

Galerkin approximation at the tetrahedron of the face:

We consider a numerical diffusion function such that
[ iU ~ v (07,07 my).
Iy

Two different discretizations are considering depending on the convection term

treatment:

CVC Kolgan type scheme
(U707, my) = 1 (VU 7, my.

Local ADER scheme

i (07,07 my) = 1 (V07) . my,

n n At n n
U7 = U7 + St (VVm-L + va) ,

V7 = i (YU, + VUL

°¢
/

ekt
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\ICEIRVETIE  Viscous terms

Viscous terms for W
The viscous terms for the species and energy equations read
1 s n An
= div (D"YW )dv_ =
G P

Like for the momentum equation we introduce a new numerical diffusion function,
b, such that

/ D"VW" i dS. (15)
NeIC

/" DYW"idS ~ v (W7, WY, m,)

Ve (Winv wy, ”U) =Dj (an>w__ njj-
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Nu ical Method Pre-projection stage

Pre-projection stage:

Low Mach number flows

i
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Pre-projection stage. Low Mach number flows

@ The temperature is calculated by solving

9n+1

A" = by, +/ cr(r)dr
0o
using Newton's method.
@ The density is obtained from the state equation.

@ The computed density is used to approximate the source term of the
projection stage equations:
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Nu ical Method Projection stage

Projection stage

i
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Projection stage

We use a finite element method in order to solve
n+1 —~—n+1
W, —

A +V (7" —7") =0,

. n+1 _ _n+1
divW,"™ =q""".

Let z € Vg be a test function, Vo := {z € H}(Q) : [,z =0}, then

/V (7T"+1 —7r") -VzdV = i/ W -VzdV — —/W"H -VzdV.
Q At Jq
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Numerical Method Projection stage

Using the divergence condition and the Green formula, we obtain

/ Wt .V zdV = / WtV zdS— / div (W) zdV = / g"tlz— / q"1zdS.
Q r Q r Q

Replacing the previous expression in the variational formulation and introducing
the variable §"*1 := 7"*1 — 77, to obtain 7! we need to solve the weak problem

1 —~n+1 1 1
sl dV:—/W -VzdV —/ ”+1dV——/ n+14dS.
/Qv vz At Jo " vz +At Qq i At rg zdS

This weak problem can be seen as corresponding to the following Laplace problem
with Neumann conditions

bl _ L Wt )
AT = At (dle q ) in Q,

oo+l 1 ~n+1 il .
an = At (W - g ) inl.

i
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Post-projection stage

Linear momentum density

wrt = wo + AtV (afT — )

ui i

AN L",\;
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Numerical results

Numerical results
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Incompressible test

Computational domain: E

Q= {(x,y,z) € R3 | (x2 +y2) <05%z¢ [0,5]}

Fluid properties:
e p=10.38474
o 4 =1.7894e5
Boundary conditions:
o Mniv=(0,0=555 +1),
e p: v=1(0,0,2),
o [p: outflow,
e [;: v=(0,0,0).

5m

N Jt*n
T A FV/FE projection method for compressible low-Mach number flows

-

0.5m
1m
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ults Incompressible test

Vebcity Magritude
23572400

Vebcity Magritude
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The importance of density

Computational domain: m
I To Q
Q:{(x,y,z)€R3\(X2+y2)§0.52,26[0,5]} \_}/

Species:
e O
e COy
Boundary conditions:

(] |_/12 vV = (070,2), Yo2 = 0.75, YCOZ = 0.25,
6 = 1000,

(] I',2: vV = (070,2), Yo2 = 0.25, YCOZ = 0.75,

6 — 1000, @
e [o: outflow, \‘\_/“

It

5m

o i v=1(0,0,2), Yo, = 0.75, Yco, = 0.25, L m |
0 = 1000. im
Jf/(j*r\;
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The importance of density

Vebcily Magritude Vetoe ity Magnifude
2052e+00 2.052e+00
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Second compressible test

Computational domain:

Q={(xy.2) eR®| (x* +y?) < 0.5%,z € [0,5]} ) )

Species:
e O
e CO,

Boundary conditions: 5m
o Mniv=(0,0,Z55" +1), Yo, = 0.75,

Y co, = 0.25, 6 = 1000,

o Mo v=(0,0,Z55" +1), Yo, = 0.25,

Y co, = 0.75, 6 = 1200, L
e o: outflow, @

025 25
Y co, = 0.25, § = 1000.

oel;:v= (0 0, = —|— 1) Yo, = 0.75, . a 0.5m
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Second compressible test

Valocity Magnitude.
1.040e 1

Valocity Magnitude.
1.040e 1

é” 80
0.5205 0521
0.2606 0.261
761660

7.616e-0
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specia_1
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specie_1
7.6066-0

0.494 0494
—0.366 —0.366
2.376e0 237680

ML
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Second compressible test

Temparature

Temparature

132003 113es03

1052003 1052203

9.096e+02 9.0982r02
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Divergence terms for low Mach number flows

The equations of species transport and energy conservation in low Mach number
flows include two new terms with respect to the incompressible equations:

—wydivv —wydivv
\ U
—/ wy divv dV —/ wj,divv dV
C,‘ C,‘
R — Wy |y, Z / v -ndS R — Why; Z / v -ndS

N,elC; N;eIC;

Source term treatment3:4?

3A. Bermudez, A. Dervieux, J.A. Desideri and M.E. Vazquez-Cendén "Upwind schemes for
the two-dimensional shallow water equations with variable depth using unstructured meshes".

4M.E. Vézquez-Cendén "Estudio de esquemas descentrados para su aplicacién a las leyes de
conservacién hiperbélicas con términos fuente".
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Conclusions

Equations dependency

Species transport (Y)

—  Ta I
Navier-Stokes equations (7, w) Turbulence model (k, €) Temperature () —® State equation
-~ l

Energy conservation (h)

Models FV schemes
@ Incompressible Newtonian flow o 15 order
@ Low Mach number flow
Methodology o CVC Kolgan-type
@ Hybrid projection method FV/FE @ Local ADER (ENO based)
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