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Test problem

Y1 _ |7 el |n
Ya ¢ —al |y
where a > 1, € is the coupling coefficient. The general solution is
y(t) = k11 exp()\lt) + koo eXp(AQt).

Real eigenvalues and for ¢ small enough

M =—-1+0(), Ala=—a+0(?)

= separably stiff system (a > 1)
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Active vs Latent
Consider a Cauchy Problem

y = f(t,y), f:RxR™ - R"
y(0) = yo, yo € R™

@ moderately stiff: % € (4,100)

@ partitioned in two sets of variables

y= <ZA>7 ya € R™ yp e R™L, mg+mp =m
L

/ Ya(t) = falyasyr),  yalto) = yap
y=ry) =97
yr(t) = fo(ya,yc),  yrto) =yro
yA(t) active or fast yr(t) latent or slow
o separably stiff: min;| A2 > max;|\F|.
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Explicit Multirate methods

@ yr(t) are approximated with time-step H
@ yA(t) are approximated with time-step h = %,m eN

to iy

Benefit: we use an explicit scheme, reducing the computational cost and
avoiding stability problems. 5
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Applications

@ Electronic circuits

e coupled digital and analogical circuits

e inverter chain

@ Discretization of PDEs with the method of lines and non-uniform
grids

wp = o(ui—1, us, wig1; Axy), wi(t) =~ u(t, zi_1 + Axy)
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Runge-Kutta Schemes
Multirate methods with explicit Runge-Kutta schemes.
Definition

An explicit Runge-Kutta (RK) scheme with s stages for the
approximation of the Cauchy Problem is defined by

S
Unt1 =Yn+h Y bk, n=01,...,N—1

i=1
i—1
ki = ftn+ chyyn +h Y aihs), i=1,2,...,s
Jj=1
crpe a1z Al Butcher Tableau
co | a1 a2 ... azs
: : : cl A
Cs | Gs1  Qs2 ... Qss = bt or (A7 b7 C)
o1 b2 ... b



Runge-Kutta Scheme
m = 2 time-steps of amplitude h of a Runge-Kutta scheme (A, b, ¢)

i1 i—1
K= flyo+h>aik)) k= fy+hyagkd)
i=1 =t

yi=yo+hy bk yo=y1+hy bk

i=1 =1
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Runge-Kutta Scheme
m = 2 time-steps of amplitude h of a Runge-Kutta scheme (A, b, ¢)

izt s i-1
k= flyo+ Ry aik)) k2= flyo+ > bkl +h> "0 k2)
j=1 i=1 j=1
y2=yo+hy biki+hy bk}
i=1 i=1

is equivalent to m = 1 time-step of amplitude H = 2h of the method

1 1
2¢ 34
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Runge-Kutta Scheme
m = 2 time-steps of amplitude h of a Runge-Kutta scheme (A, b, ¢)

i-1 s Ut
KL= Flo+h S ankl) K= flyo+h Y bkl 00 kD)
=1 i=1 j=1

y2=yo+hy biki+hy bk}
i=1 i=1

is equivalent to m = 1 time-step of amplitude H = 2h of the method

%c %A
11s+0 | 210t 3
1t 1.t
. 5b 5b
In the case of a generic m the method is
1. Ry
L1409 Lot La
Lm-1D1s+0¢) | L1t Lagpt .. L
1 pt L pt 1 pt
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Multirate Runge-Kutta

(t) = falya,vr), ya(to) =va,0
vy () = fr(ya,ur),  wr(to) =wr,o
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Multirate Runge-Kutta

Ya(t) = falya,yr), ya(to) =ya
yr(t) = frwa,yr), yiL(to) =yL,o

Definition

Let (A,b,c) be an explicit Runge-Kutta scheme with s stages and let
h = H e define Multirate method (MRK) a numerical scheme in
which the stages of the time-step n are computed as

i—1

kX = fa <yﬁ,n+hzaijkj,j,5/ﬁ,;>7 i=1,2,...,5, A=0,1,...,m—1

Jj=1

i1
kri=fr (YA,i7 YL.n + HZaijkL,]) ,i=1,2,...,s

j=1

where YLAﬂ- ~yr(to+ (A4 ci)h) and Ya,; = ya(to + c; H).

= necessity of computing the stage-values.



Multirate Runge-Kutta

We employ the already computed stages. Then in compact form:

Active: YA ni1 = Yan + Hb'k 4
ko= fa (yA,n + HAky, yr.n + HBkL) ,

Latent: yrnt+1 = YL + Hb'ky,
k; = fr. (yan + HCka, yr.n + HAKL) .

B

A
Multirate tableau: ClA|lc

bt | bt

= we write the Multirate as a Partitioned.
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Partitioned Runge-Kutta

The components of the system are integrated with the same time-step H

of two Runge-Kutta methods (A, b4, é4) with ¢ stages and (D, bp, ép)
with r stages.

CA1 a1 Q1q ,811 Bir CB,1

CAq | @q1 .. ... ... ogq | Bgx ... Bgr | ¢Byg

cca | 11 oo oo oo &g | 611 ... b1r | CDa

CC,r Er1 S e e £'r'q Or1 cee O CD,r
bai .. ... .. bag|bpi ... bon

q T
kai = falyao+HY aikag, yro+HY Bike,), i=12,...,q

=1 j=1

q r
kri= fo(yao+ Hz&jkf/-\.jv yrL,0 + Hz5z‘jkL,j), t=1,2,...,7

Jj=1 Jj=1
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Partitioned Runge-Kutta: order conditions
Under the simplifying hypotheses [Hairer, 1981]:

order active latent additionally,V0 € {%, .13
1 bily,s =1 bily =1 b (0)1pms =0
2 be=1 ble=1 Bt(o)E =%
S bR =L | o b2 =L S bi(0)& = &
3 ptAg=1 btAc=1 Bt(o)Ae =2
boe=1 b'(0)Be = &

where z(l/m) = [z,...,2,0,...,0].

l m—l

Theorem
If the Partitioned scheme is a Multirate scheme then the order conditions

marked in blue are automatically satisfied.
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Goal

New method for determining the coefficients of YL)‘J. and Yu ;.

@ Compute all the slow stages during the first active microstep
= (' is a lower triangular matrix
= the relations C'l,,s = ¢, b'Cc = % are sufficient to define C

= we can immediately compute the approximation of the latent
component yr, n+1 ~ yr(tn + H)
° YL)‘i ~yr(tn, + %H} approximations of yz, in the points
) =t + S2H in [ty t, + H]

We use the Continuous Extensions of the Runge-Kutta schemes.

& M. Semplice, G. Visconti (2016), Multirate schemes with continuous

extensions for separably stiff problems. In preparation
13/35



Continuous Extensions and DDEs

V(1) = Fty@®)y(t = m(ty®), to<t<t; (DDE)
y(t) = 8(t), t<to
N'(t) = rN(t) (1 — W) (Logistic equation with delay)

= is useful having a continuous approximation of the solution.
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Continuous Extensions and DDEs

y'(t) = f(ty(), y(t = 7(t,y(1))), to <t <ty (DDE)
y(t) = 8(t), t < to
N'(t) = rN(t) (1 - W) (Logistic equation with delay)

= is useful having a continuous approximation of the solution.

Definition (Zennaro 1986)

The Natural Continuous Extension (NCE) of an explicit Runge-Kutta
scheme (A, b, c) of order p is the continuous approximation

u(to + pH) = yo + szzﬁ(p)ki
i=1
where p € [0,1], bi(p), i = 1,...,s polynomials of degree < d and such

that —
/t GO (1) — o (B)dt = O(h"+)
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Coefficients of the NCEs

NCEs coefficients of the explicit Runge-Kutta methods of order

p=s=1,2,3
@ Runge-Kutta with one stage and of order 1:
d= ("] =s=p=1 bi(p) = p
@ Runge-Kutta with two stages and of order 2:
d= 2] =1 bi(p) = bip, i=1,2
bi(p) = (b1 — 1)p* +
des—p_o 1(p) (12 )" +p
ba(p) = b2p
@ Runge-Kutta with three stages and of order 3:
d=[t] =2 bi(p) = wip® + (b; —wy)p, i=1,2,3
where, for each k € R,
k(cs —c2) + c2 k 1-k
W=, W2=_—,

w3 =
202 C3 ’ 202 203
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Multirate with NCEs

We use the continuous extensions for the latent stage-values
A~ i+ A .
YR = yr(te + (%52 H):

S
Y2 =yin+HY bi(p)ke,
j=1

pf‘:M 7::1’,,,’57 )\:0,,7’”—1

m

The simplifying hypothesis B1, = ¢ is verified:

¢ m

S

i+ A
S =pr =S i— 12, A=1,.,m—1
j=1

16
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Multirate with NCEs

We use the continuous extensions for the latent stage-values
A~ i+ A .
YR~ yn(te + (S22 H):

S
Y2 =yin+HY bi(p)ke,
j=1

pf‘:M 7::1’,,,’57 )\:0,,7’”—1

m

The simplifying hypothesis B1, = ¢ is verified:

S

Y
ij(p?):p?:C’Jr ,i=1,2, A=1,...,m—1
j=1

m

By means of two theorems we obtain the structure of B and C for
multirate methods of order 2 and 3, with a generic number of

microsteps, built with the coefficients of the continuous extensions.

16
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Multirate with NCEs

Theorem

If the explicit Runge-Kutta scheme (A, b, c) has order p = s = 2,
choosing

0 000 ... 00
C’_02000...00

the resulting Multirate method is of order 2 for the latent part.
If (A, b, c) is of order p = s = 3, choosing

0 0 0000 000
C=| o 0 0000 000
G- G 00 00 000

with m number of microsteps, the resulting Multirate method is of order
3 for the latent part.
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Multirate with NCEs

Theorem

Let (A, b, c) be an explicit Runge-Kutta scheme of order p = s = 2,3 and
let
_Bo

B—
b;i(p3)

where By is a lower triangular matrix univocally determined by (A, b, c)
and by the number of microsteps m, b;j(p)’s are the NCEs coefficients
evaluatedinpf‘:%,z':l,...,s, A=1,...,m—1.

Then the resulting Multirate method is of order 2,3 for the active part.
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Multirate with NCEs - Examples
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Multirate with NCEs - Examples

= o
| [g +H©
o o LF I8 e o o
®l o
o i T TIE e o i
<l w0
m\.w ™
v o IR & o I o
K3
ol 5
o o o |
o O 0~ —m
o
o I | ~2
BRI o~
© o ~E~EE o -
O = M O M [en] ™
(a1}
[ —le 1i2

-
—t | lim liw linlé

—

IS I e o

19/35



Continuous Extensions of MRKCE

MRKCE are also endowed with a Continuous Extension making them
suitable to solve DDEs.

e Latent part: for t € [t,,t, + H]

S
yr(tn +0H) =ypn+HY bi(0)kr; 0€[0,1]
i=1
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Continuous Extensions of MRKCE

MRKCE are also endowed with a Continuous Extension making them
suitable to solve DDEs.
e Latent part: for t € [t,,t, + H]

yr(tn + 0H) = ypn + HY bi(0)kr; 0 €[0,1]

i=1
o Active part: for ¢t € [t,, + Ah,t, + (A + 1)A]

yaltn + (A + 0)h) —yAn+th Vi, 0 €[0,1]
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Continuous Extensions of MRKCE

MRKCE are also endowed with a Continuous Extension making them
suitable to solve DDEs.

e Latent part: for t € [t,,t, + H]

S
yr(tn +0H) =ypn+HY bi(0)kr; 0€[0,1]
i=1
e Active part: for t € [t,,t, + H]|

yaltn + 0H) = yan+HY > by (0)k), 6€]0,1]

A
i=1 =1
0 if 0 [0, 2]
b (0) = B if g e [A ML for x=0,...,m — 1
b if 0 € [AHL1]

20 /35



Test problem
n _ |7 el |n
Yo € —al |y
where a > 1, € is the coupling coefficient. The general solution is

y(t) = k101 exp(Ait) + koUg exp(Aat).

Real eigenvalues and for ¢ small enough

i)
“Tlow] P

M =—-14+0(?2), X=—-a+0()

yll . -1 € Y1
?/2 € —al Y2

Consider € ~ 0 and moderate velues of a.

O(e)
1
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Linear stability

Yy = R(H a, e)yoa Yo = |:yA7O:|
YyrL,o

Multirate schemes are absolutely stable <= |p(R)| < 1.

kg =eyro—aya,o+ HeBkp — HaAkA

YA1 =YA,0 T Hl;tkA
kr = —yr,0+eyao — HAkL + HeCky

yr1 = yr,0 + Hb'ky,

et o _[-aA eB _[—alms  €lms
67{0 bt}’ Mi{ec’ —aA}’ Ai{ €ls -1

Compact formulation of a Multirate scheme:

y1 =yo + HBk
k = Ayo + HMk

=y = (I, + HB(I, — HM) ' A)yo = R(H, a, ¢)yo

22 /35



Linear stability
Theorem
Let m = [a] be the smallest integer such that m > a and let e = 0. The

time integrator of the active component is stable for any choice of the

time-step H for which the time integrator of the latent component is
stable.

23 /35



Linear stability
Theorem

Let m = [a] be the smallest integer such that m > a and let e = 0. The
time integrator of the active component is stable for any choice of the
time-step H for which the time integrator of the latent component is
stable.

Stability regions (|R(H, -, €)| < 1)

MRKCE(3.4)

MRKI(3,4)

6246

Stiffness

23/35



Linear stability

Theorem

Let m = [a] be the smallest integer such that m > a and let e = 0. The
time integrator of the active component is stable for any choice of the
time-step H for which the time integrator of the latent component is
stable.

Stability regions (|R(H, -, €)| < 1)

MRKCE(3,4)

MRKI(3,4)

6246

Stiffness
Stiffness

15
at
MRKCE(3.8) MRKI(3.8)
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Linear stability

MRKCE(3,2) MRKCE(3,2) k=0.4

Stiffness
Stiffness

MRKCE(3,2) k=0.8 MRKCE(3 2) k=1
223.0
10.0
47 @ ]
g g
“ £ £
£ £
30 @ 3
2.2
2.0
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Convergence test

€n+1)

log(eny1) — log(en) log( en

b log(Hp1) — log(Hn) log(HI”;Il)

y MRKCE Method | pa | po |
h=2.a=m=2) 2.0288 | 1.9858
(p=2,a=m=3) 2.0126 | 1.9981
(p=2,a=m=4) 1.9986 | 1.9814
p=2a=m=8) 23617 | 3.5888

(p=3,a=m=2,k=0) | 3.0154 | 3.1847
(p=3,a=m=3k=0) | 29962 | 3.0480
(p=3,a=m=4,k=0) | 3.0596 | 3.0474
(p=3,a=m=8k=0) | 3.0640 | 3.0642
(p=3,a=m=2k=02) | 3.0153 | 3.1855
(p=3,a=m=2k=0.4) | 3.0153 | 3.1862
(p=3,a=m=2k=0.6) | 3.0153 | 3.1869
(p=3,a=m=2k=0.8) | 3.0153 | 3.1877
(p=3.a=m=2Fk=10) | 3.0152 | 3.1884

Table: EOC for some multirate schemes based on NCEs
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Work-precision tests
Nonlinear test problem (Robertson, 1966):
Yy = 0.4y2 — 20y1y3 — 3y?
Yya = —.04y2 + 2y1y3
y5 = 0.15y7

with initial conditions y(0) = [0, 1, 0], for ¢ € [0, 100].
Al ~ 25, )\2 ~ 1071, )\3 ~0
v; =~ [1,0,0], span(va,v3) =~ span(esz, e3)

Bogacki-Shampine

Heun RK3 type m Hmax
type m Hmax type m Hmax 1 0.38
1 0.3 1 0.38 MRKI 2 0.75
MRKI > T 0597 MRKI 2 | 077" MRKCE | 2 | 1.00 + 1.05%
MRKCE | 2 | 0.60 MRKCE | 2 | 0.77 = 1.07 MRKI 3 | 114
MRKI 4 | 115" MRKI 4 | 156" MRKCE | 3 | 1.14 + 1.58%
MRKCE | 4 | 118 MRKCE | 4 | 1.56 = 1.68% MRKI 4 | 161
MRKCE | 4 | 1.61+1.71%

Table: Boundary of the stability regions for different multirate strategies.
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Error on active component

Error on latent component

Work-precision tests

MRKI(3,2) ve. GRK ve. MRKCE(3,2)

» 10
H —&— MRKCE(3.4)
§ GKR(3.4)
— S 0t —+— MRKII(3.4)
- @ o e MRKI(3,4)
j— 5 % 3
g ]
2 10 . . . .
1 10° 10° 10 10°
Errer on active compenent
10°

function evaluations
3

k= NCE's parameter G
Error on latent component

Figure: Scheme comparison on the Robertson problem.
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DDEs

CUSP problem (Hairer-Ngrsett-Wanner, 1993)

al(t) = bi(t) + 0.07v;(t) + D (a;—1(t) — 2a;(t) + aiy1(t))

yi(t) = —A((ys ()2 + ai(t)yi (t) + bs(t — 7)) + D (yi—1(t) — 20i(t) + yit1 (1))
bfb-(t) = (1 — ai(t)Q)bi(t) — a,'(t) — 0.4y1‘(t — T) + 0.0351}¢(t) + D(bifl(t) — 2b¢(t) + bi+1(t))

28 /35



DDEs
CUSP problem (Hairer-Ngrsett-Wanner, 1993)

yi(t) = —A((ys ()2 + ai(t)yi (t) + bs(t — 7)) + D (yi—1(t) — 20i(t) + yit1(2))
al(t) = bi(t) + 0.07v;(t) + D (ai—1(t) — 2a;(t) + aiy1(t))
b;(t) = (1 — ai(t)Q)bi(t) — ai(t) — O.4yi(t — ’7’) + 0.0351]1'(15) + D(bifl(t) — 2b¢(t) + bi+1(t))

H m=1,7=1/T | m=2,7=1/7T | m=2,7=1/3 | m=4,7=1/7
1.00E-2 | 1.94E-4 7.59E-4 4.35E-4 1.70E-3

6.81E-3 | 8.91E-5 2.02 3.47E-4 2.04 1.99E-4 2.04 7.83E-4 2.03
4.64E-3 | 412E-5 2.01 1.60E-4 2.02 9.13E-5 2.02 3.60E-4 2.02
3.16E-3 | 1.91E-5 2.01 7.40E-5 2.00 | 4.22E-5 201 1.66E-4 2.02
2.15E-3 | 8.82E-6 2.01 3.41E-5 2.01 1.95E-5 2.01 7.63E-5 2.02
1.47E-3 | 4.09E-6 2.00 1.58E-5 2.00 9.03E-6 2.00 3.54E-5 2.00
1.00E-3 | 1.90E-6 2.00 | 7.35E-6 2.00 | 4.19E-6 2.00 1.64E-5 2.00

Table: Convergence test for the DDE: rates of convergence for the latent part of
the MRKCE(2,m) schemes based on the Heun method.
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DDEs
CUSP problem (Hairer-Ngrsett-Wanner, 1993)

yi(t) = —A((ys ()2 + ai(t)yi (t) + bs(t — 7)) + D (yi—1(t) — 20i(t) + yit1(2))
al(t) = bi(t) + 0.07v;(t) + D (ai—1(t) — 2a;(t) + aiy1(t))
b;(t) = (1 — ai(t)Q)bi(t) — ai(t) — O.4yi(t — ’7’) + 0.0351]1'(15) + D(bifl(t) — 2b¢(t) + bi+1(t))

H m=1,7=1/T | m=2,7=1/7T | m=2,7=1/3 | m=4,7=1/7
1.00E-2 | 5.54E-4 7.80E-4 8.29E-4 9.59E-4

6.81E-3 | 2.60E-4 1.97 3.64E-4 1.98 3.84E-4 2.00 416E-4 2.18
464E-3 | 1.17TE-4 2.09 1.68E-4 2.01 1.78E-4 2.01 1.92E-4 2.01
3.16E-3 | 5.40E-5 2.00 | 7.58E-5 2.08 | 8.17E-5 2.02 | 8.87E-5 2.01
2.15E-3 | 2.50E-5 2.00 | 3.56E-5 1.97 | 3.80E-5 2.00 | 4.08E-5 2.02
1.47E-3 | 1.16E-5 2.01 1.63E-5 2.04 1.76E-5 2.01 1.91E-5 1.97
1.00E-3 | 5.34E-6 201 7.52E-6 2.01 8.14E-6 2.00 | 8.90E-6 2.00

Table: Convergence test for the DDE: rates of convergence for the active part of
the MRKCE(2,m) schemes based on the Heun method.
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DDEs
CUSP problem (Hairer-Ngrsett-Wanner, 1993)

yi(t) = —A((ys ()2 + ai(t)yi (t) + bs(t — 7)) + D (yi—1(t) — 20i(t) + yit1(2))
al(t) = bi(t) + 0.07v;(t) + D (ai—1(t) — 2a;(t) + aiy1(t))
b;(t) = (1 — ai(t)Q)bi(t) — ai(t) — O.4yi(t — ’7’) + 0.0351]1'(15) + D(bifl(t) — 2b¢(t) + bi+1(t))

H m=1,7=1/T | m=2,7=1/7T | m=2,7=1/3 | m=3,7=1/7
1.00E-2 | 2.37E-6 7.61E-6 6.03E-5 5.36E-5

6.81E-3 | 7.13E-7 3.12 | 2.33E-6 3.09 1.72E-5 3.27 1.53E-5 3.26
4.64E-3 | 2.21E-7 3.06 | 7.15E-7 3.07 | 5.05E-6 3.19 | 4.44E-6 3.23
3.16E-3 | 6.84E-8 3.05 | 2.21E-7 3.06 | 1.51E-6 3.15 | 1.37E-6 3.06
2.15E-3 | 2.11E-8 3.06 | 6.83E-8 3.06 | 4.48E-7 3.16 | 4.24E-7 3.06
1.47E-3 | 6.46E-9 3.09 | 2.12E-8 3.04 1.41E-7 3.01 1.31E-7 3.05
1.00E-3 | 1.88E-9 3.22 | 6.51E-9 3.08 | 4.35E-8 3.06 | 4.07E-8 3.05

Table: Convergence test for the DDE: rates of convergence for the latent part of
the MRKCE(3,m) schemes based on the Bogacki-Shampine method.
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DDEs
CUSP problem (Hairer-Ngrsett-Wanner, 1993)

yi(t) = —A((ys ()2 + ai(t)yi (t) + bs(t — 7)) + D (yi—1(t) — 20i(t) + yit1(2))
al(t) = bi(t) + 0.07v;(t) + D (ai—1(t) — 2a;(t) + aiy1(t))
b;(t) = (1 — ai(t)Q)bi(t) — ai(t) — O.4yi(t — ’7’) + 0.0351]1'(15) + D(bifl(t) — 2b¢(t) + bi+1(t))

H m=1,7=1/7T | m=2,7=1/7T | m=2,7=1/3 | m=3,7=1/7
1.00E-2 | 1.86E-5 8.97E-6 6.07E-5 2.61E-5

6.81E-3 | 6.00E-6 295 | 2.54E-6 3.29 1.84E-5 3.12 | 7.09E-6 3.39
464E-3 | 1.82E-6 3.10 7.59E-7 3.15 5.56E-6 3.11 1.63E-6 3.82
3.16E-3 | 5.63E-7 3.06 | 2.24E-7 3.18 1.69E-6 3.10 | 4.72E-7 3.24
2.15E-3 | 1.75E-7 3.04 6.70E-8 3.14 5.23E-7 3.06 1.25E-7 3.45
1.47E-3 | 5.21E-8 3.16 1.78E-8 3.45 1.60E-7 3.08 3.34E-8 3.44
1.00E-3 | 1.32E-8 358 | 5.04E-9 328 | 478E-8 3.15 1.05E-8 3.00

Table: Convergence test for the DDE: rates of convergence for the active part of
the MRKCE(3,m) schemes based on the Bogacki-Shampine method.
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Cell-boundary partitioning
Start from us + F(u), = 0:

d _ 1
Y= AL [fj+1/2 = Jj=pp F Gy = iy

where

F (u(xj4154)), if there are 4 fluxes in 2,1,
fj+1/2 = 7 .
0, otherwise

F (u(acj+1/2’t)) , if there are 2 fluxes in 7, 1,,
9j+1/2 = .
0, otherwise
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Coupling in the center cell
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Coupling in the center cell
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Second order method
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Second order method
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Second order method
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Second order method
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Second order method
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Second-order conditions

0olo o 0 0
1 | 1 1
312 O 5 0
1 (1 1 1
5|12 1 O 5 0
1 1 1
IR 1 0
0 0 0 o0]lo
1 1 1
. 1 01
1 1 1 1|1 1
4 4 4 4 1 2 2

@ G. Puppo, M. Semplice (2011), Numerical entropy and adaptivity for finite volume
schemes, Comm. Comput. Phys., 10(5), pp.1132-1160

Theorem

The Multirate method is of second order if each method is of second
order and the extended tableaux satisfy the coupling conditions

- 1 ;1
,J i,k
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Perspectives

The construction of the previous method can be extend to a generic
number of microsteps.
Theorem

Let (A,b,c) a Runge-Kutta scheme of order p = 3 with 3 stages and let
m be the number of microsteps. Then we cannot have approximations of
order 3 for the active component if the first block of B is

0 0
x 0
* 0

o O O
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= we are trying to use the Multirate Runge-Kutta method based on the
Continuous Extensions.

34 /35



Thank you for your attention!




