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Tokamaks

e Tokamak stands for: Toroidal chamber with magnetic coils
(Toroidal’'naya Kamera s Magnitnymi Katushhami).

e JET (UK), Asdex-Upgrade (Germany), Tore-Supra (France)
and DIIID (USA)
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Jorek : Reduced MHD B = F,Vo + V x (V)

\ JET#77329,RMP Nn=2,40kAt
hi_tor=pi/4.w/o flows

JET#77329 n=2 A0kAt, with flow



@ MHD modeling in the SOL

@® VMS Finite Element

© Applications



Fluid description of plasma : Assumptions

e Macroscopic velocity is small compared to the sound speed or
magnetic speed (Alfen)

a<[y2] <5

e Deby length is small compared to characteristic system length:
local electrical quasi-neutrality

Te
e2

< [x]

e

e Magnetic speed is small compared to light speed : negligible
displacement current

)<

o U — szeb > 1 where wy, = \/gq(})f?
e




Fluid description of plasma : MHD equations

Rationalized Gaussian unit (c=1)

e Conservation of particles
e Conservation of momentum
e Conservation of energy

Faraday's law

Otp+V-m =V
om+V-(mev)+V-(pIl+71I-B®B) =V-
He+V-(E+p—7T)Vv+EXB)+V-q =V
0B+ V XE =0

o Conservation of elect. momentum (generalized Ohm's Law )
e Ampere's law
E = —VXB+n+E
{ J = VXB

e No magnetic mono-pole : V-B =10
e Divergence free current : V-3 =0



MHD : Fluid description of plasma

Conservative formulation :

\Y%
om+V-(mav)+V-(pl+7l-B®B) =V-(r+71)
v

HE+V - (E+p—T)v+EXB)+V-q =V-((t+7)v)
8tB+VXE :0
where
m £ n V-V+B-B BB
= 174 = _— _— nm = —
pv, pe+r— 5 =
Closure relations :
®p=(y—1)pe Constraint
@E=-VvXB+nI+E e V.-B=0+B=VXxA

©®I=VxB—=V-1=0.
E contains the inductive applied electric field.



Compact formulation : Ideal MHD

P m"
wel| m f vdm+PI-B®B
I - T Hm" — (B-v)B"
B VRB—-—BX®V
ow
— +V-f=0 1
ar TVI (1)
It is useful to reformulate this system in quasi-linear form as
0
a—f+é(w,a)w:o 2)

For any direction n, A (w,n) is a matrix with eigenvalues

v-n, v-ntc,, v-ntc, v-nztcr



Finite Volume and DG approximations

Our recent work in the current context:

@ J Vides, B Nkonga, E Audit. A simple two-dimensional extension of
the HLL Riemann solver for hyperbolic systems of conservation
laws. Journal of Computational Physics 280, 643-675, 2015

® DS Balsara, J Vides, K Gurski, B Nkonga, M Dumbser, S Garain, E
Audit. A two-dimensional Riemann solver with self-similar
sub-structure-Alternative formulation based on least squares
projection. Journal of Computational Physics 304, 138-161, 2016.



Finite Element : weak formulation

The system to be solve :

R(w)=0 (3)
where the residual is
ow
R - f_
(w) 9 +V V-g

Weak formulation
_)
[/ R(w) -w" =0, Yw* e W,J (4)
Qx,h

e Whp =W, (8 ) is an approximated finite element space.

where

e w* is any test function in Wp (Q 4).



Finite Element : Variational Multi-Scales
Find wy, € )7)\7;, such that
[/ R(wp) - w* +/ w (AT (wp,9) w*) =0, VYw"e W;J
Qx,h Qx,h

w’ is the vector of the sub-scales
Usually

w ~ —(A(w,d)) ' R(wp) ~ TR (wp)

In the present context

[w' :I(A(wh,a) 5whﬂ




Toroidal Geometry : x = x (R, ¢,2) = x (&, 0)
with € € Q. and ¢ € [0, 2n[

QX = QZD X [O, 27'('[

Volume integrals

/(X...)dx - /02:/(,5 QZ(D...)Rdg

Surface integrals

/an(xm)dsx - /022¢ aQQ(Dm)RdS




Finite element Space : B=V X A

Interpolated Variables: Y =

> -4 <

Space of interpolations

W’h = VY, x (Vhﬁ+vh2+vh$) X Vi

. . (5)
x (VV,,XR+VV,,><Z+VV,,XV(/))

Where
Vh = Vh (QQI)) X Vh ([07 27T[)

Trial functions in Toroidal Geometry : N (x) = ¢ (§) C (¢)



2D Poloidal : Q,, ~ Q) = (Py,E))

Vi (Q.,) = sPaN (¢, (€))  and  V; ([0, 2n]) = span (Cj, (¢).,)

NP N‘r
e P = Ufp and &y = U're
p=1 e=1

> Triangular elements : 7¢ = (pe,&ps,&ps).
> Quadrilateral elements :7¢ = (£pe,€ps, €pe, Epe ).




Isoparametric Finite element
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@ Parametric (S, T) to physical (Rr,2)

RED (S, T) = Z R;i?nqujfm (S, T)
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® Test function in the physical space.

Ui (€) =7, (s(r,2),7(r,2) )
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C1-Quadrangles

SN (5 B p=12,
V5, = e with {k:12

Tests functions associated to a vertex i

(1) (s, 1) (2) (s, 1)
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VMS for Reduced MHD

%+A(w 8)W =K (8,-) (6)
where W are the reduced variables.
o v-d 0 pB-d 0 0
p 0 v-0 ~pB-0 0 0
N 9
w=| J |, AW,0) = 0 g vO 0 0
w 0 0 0 v, - 0 0
P 0 0 0 0 v, -0

For any direction n, the matrix A(W7 n) is diagonalizable and the
eigenvalues are

B-n B-n
| | and vn—i—| ‘

v-n, v, -n, v-n-—




Resistive internal kink




Resistive internal kink : Dynamic of the first mode

Artificial viscosity VMS-Stabilization

e wm Fourier Harmonic: cos(phi) "__— 1_ Fourier Harmonic: cos(phi)
= s e by b 0o 105 il

DA



Resistive internal kink

sz sl pi 58 o aez i s | 10l 52 B 56 s oo 1z 1 Tos
3 B

Structure layer: S =10° ~ 107! and S = 108 ~ 2.107?
S o 1 Magnetic Reynolds number.




Resistive internal kink: growth rate

Normalized Growth Rate (y/0,)

T T
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Non-linear MHD
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Boundary Conditions: Bohm

At the divertor boundary :

Yo TR B

|B - n| [[B]]

where n is the outward normal.

Penalization

1/ ( B-n B>
- v— /T — ) -m"
e Joa, " T B Al 8]



X-point : Initial GS Equilibrium (density)
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X-point : density and velocity
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Perspectives

@ Simulation of ELMs using the full MHD
@® PS Finite element method ( triangles)

© Hybrid-Mesh Formulation

@ Generalized Ohm'’s Law

@ Ti-Te 2-fluid Modeling (non conservative)
® MGI : lonization/Radiation
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