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Motivation and Background

Replacing curved boundaries by polygonal edges associated to the

SHARK-FV/

mesh provides at most 2nd-order accuracy

= P ~
s / M
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B |soparametric elements are widely applied for FEM and DG

B Very few methods have been developed in the context of HO-FVM
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State-of-art in HO-FVM

® Ghost cells approach: add extra cells between the geometric boundary

and the computational domain

LC.F. Ollivier-Gooch and M. Van Altena, A high-order accurate unstructured
mesh finite-volume scheme for the advection-diffusion equation, Journal of

Computational Physics, (2002).
Motivation and Background 4/28



State-of-art in HO-FVM

® Ghost cells approach: add extra cells between the geometric boundary
and the computational domain
® Ollivier-Gooch approach?: enforce the BC by constraining the LSM
associated to the PR
= can be very time consuming if the LSM matrix has to be updated
(moving boundaries/interfaces, tracking interfaces/discontinuities

problems)

LC.F. Ollivier-Gooch and M. Van Altena, A high-order accurate unstructured
mesh finite-volume scheme for the advection-diffusion equation, Journal of
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State-of-art in HO-FVM

® Ghost cells approach: add extra cells between the geometric boundary
and the computational domain
® Ollivier-Gooch approach?: enforce the BC by constraining the LSM
associated to the PR
= can be very time consuming if the LSM matrix has to be updated
(moving boundaries/interfaces, tracking interfaces/discontinuities

problems)

New approach: detach the BC conservation from the LSM matrix

» Easier, flexible, more efficient, more elegant

LC.F. Ollivier-Gooch and M. Van Altena, A high-order accurate unstructured
mesh finite-volume scheme for the advection-diffusion equation, Journal of

Computational Physics, (2002).
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Problem Formulation

® Poisson’s equation and BCs:

V2 = f, in Q
¢ = ¢, on Ip
V¢ n=gn, on Iy
a¢+ Ve - n=gg, on g

Q, 00 = {Ip UTN UTlRr} — real domain and its boundary

® 5 — unit normal vector to 0Q2

¢p — Dirichlet BC

® gy — Neumann BC

gr — Robin BC with coefficients « and 8

Problem Formulation



Generic FV Scheme

B ¢, e — cell, edge

® g, qj —quadrature points

® n; — normal vector

R
/ (Vo) ni ds:/ Fdx= > el [Zcr@] — filci| = O(hZF)
ol ci

' jev(i r=1

® Physical fluxes:

IE‘ij,r = qu(qmr) - Nij,

® Source term:
S
fi = ZCsf(qi,s)
s=1
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Polynomial Reconstruction Machinery

Non-conservative PR for inner edges ¢;;

PAS
SHARK-FV

pil)= 3 Ri(x—my)°

0<|o|<d

o= (o,a2), ol = a1 + o, X = x5

B Rj = (R§)o<|a|<a — coefficients (to be determined)

Polynomial Reconstruction Machinery 7/28



Polynomial Reconstruction Machinery

Non-conservative PR for inner edges ¢;;

PAS
SHARK-FV

(’DU Z R mU)o‘

0<|o|<d

o= (o,a2), ol = a1 + o, X = x5

B Rj = (R§)o<|a|<a — coefficients (to be determined)

Ej(Ryj) = Z Wij,q {_/ pi(x) dx — (/54

qES;;

B ©;i(x) defined with 7A€,J = arg min [E;j(Rj)]

7
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Polynomial Reconstruction Machinery

Conservative PR for Dirichlet boundary edges ejp

SHARK-FV

eip(x) = dip + Z Rip [(x = mip)* — Mip
1<]a|<d

o= (o,a2), ol = a1 + o, x* = x5

® Rip = (Rfp)i<|a|<d — coefficients (to be determined)
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Polynomial Reconstruction Machinery

Conservative PR for Dirichlet boundary edges ejp

SHARK-FV

eo(x)=¢p+ >  RH[(x—mp)* - Mp]
1<]e|<d

o= (g, ), |af = a1 + az, x* = x{1 x5

® Rip = (R{)1<|aj<d — coefficients (to be determined)

2
1
Ein(Rip) = E : WibD,q LC_"A/ Pip(x) dx — ¢q}

qE€Sip

" 5p(x) defined with R;p = arg min [Eip(Rip)]
Rip
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Polynomial Reconstruction Machinery

® Naive mean-value conservation — 2nd-order!

1 1
¢ip = —/ #p(x) ds, —/ Pip(x) ds = ¢ip
lein| Je, lein| Je,
(x — m; dx
/D |e’D| / D)
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Polynomial Reconstruction Machinery

® Naive mean-value conservation — 2nd-order!

1 1
¢ip = —/ #p(x) ds, —/ Pip(x) ds = ¢ip
|efD| en |efD| ep

1
Mp = — (x — mjp)® dx
|eiD| €D
® \Wise mean-value conservation — Quadrature points on 0!

1 1
oip = A—J[ #p(x) ds, A—ﬁ Pip(x) ds = ¢ip
lein] Jop lein] Jop

1
Mg = A—/\ (x — mip)® dx
|eiD| (<))
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Polynomial Reconstruction Machinery

® Naive mean-value conservation — 2nd-order!

1 1
oip = —/ ¢p(x) ds, —/ ®ip(x) ds = éip
|efD| en |efD| ep
1
Mg = —/ (x — mjp)® dx
|eiD| €D

® \Wise mean-value conservation — Quadrature points on 0!

1 1
oip = A—J[ #p(x) ds, A—ﬁ Pip(x) ds = ¢ip
lein] Jop lein] Jop

Mg = AL/\ (x — mip)® dx
lein| Jao
® \Wise point-value conservation:
¢io = ¢p(pip), pio € €, in(pi) = ¢ip
b = (pip — mip)”
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Polynomial Reconstruction Machinery

® Conservation of Dirichlet BC only
m Coefficients M{}, are boundary dependent

i L SM matrix has to be updated for...

= ... moving boundaries/interfaces or dynamic BC in time-dependent
and unsteady problems

= ... optimization problems

= ... tracking interfaces/discontinuities problems

= .. etc.

® QOllivier-Gooch method consists in an augmented LSM matrix by

constraints rows (equivalent to the wise conservation)

Polynomial Reconstruction Machinery 10/28



ARCH Method

ARCH

Adaptive Reconstruction for Conservation of High-order

The aim of ARCH is to improve the boundary treatment

SHARK-FV

The main ideas are...

SiRer
= .. conserve the HO accuracy
= .. detach the boundary from the LSM matrix
m .. easy handling of moving boundaries

m .. generic treatment of Dirichlet, Neumann and Robin BCs
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ARCH Method

ARCH for boundary edges e

SHARK-FV

[ pis(xivis) = vis + @is(x) ]

® ,5(x) — non-conservative/naive conservative/wise conservative PR

® ;g — free parameter (to be determined)

2
1
Es(Rig; ¥ig) = Z WiB,q [%‘B I —/ pip(x; i) dx — ¢q}
|Cq| Cq

q€SiE

" Z.5(x; 1¥ig) defined with Rig = argmin [E;g(Rig; ¥is)]
Ris

® ;g is a RHS — the LSM matrix remains the same :D
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ARCH Method

® Generic BC on 09 to satisfy:

g(x;a, B) = ax)p(x) + B(x)V - n
= Dirichlet BC: =1, =0
= Neumann BC: o =0, §#0
= Robin BC: a #0, 8 #0
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ARCH Method

® Generic BC on 09 to satisfy:

g(x; 0, B) = a(x)é(x) + B()V6 - n
= Dirichlet BC: =1, =0
= Neumann BC: =0, 8 #0
» Robin BC: o £ 0, 3 # 0
® For a given p;g € 0FQ, the parameter ;g is prescribed such that

a(pi)pis(pis; JiB) + B(pis)Veig(pis; EiB) -n=g(pig; v, B)

B(pis; a, 3, 7/}?5)(%095 — 1/’}3)
(piB; «, ﬂa d)?B) - B(piB; Q, ﬂa 1/),OB + SD}B)

~ 0o _
11/}iB - d)lB B

" % # Ui
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Finite Volume Scheme

® Numerical fluxes:
® inner edge e;: Fj,r = V;(qi,r) - nj
= boundary edge es: Fis,r = V@s(qin,-; ¥is) - nis

PR and fluxes are linear identities

® Linear residual operator & — G;(®) for vector ® € R/

Z el

jev(i)

G(®) = (Gi(®))=1,

ZCI’ ij, r] - ﬁ"cily

Free matrix method

= Compute vector * € R/ solution of G(®) =0

Finite Volume Scheme 14/28



Numerical Benchmark
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Numerical Benchmark

® Manufactured solution:
¢(r)=a+ bin(r)
® 3, b such that
¢ €10,1]

a2 o6 o
Naive PR
1E0 T T T
——Ey, Py
1E2} - E, Py
——E;, P3
1E-4 || Ex. P3
——F;, Ps
2 1E6| |7 Exe. Bs
I
1E8} .
1E-10[4 .
1E-12 - i f
i 1E3 1E4 1E5
DOF
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Numerical Benchmark

. .
o
® Manufactured solution: o0
oo
¢(r)=a+ bin(r) o
X2 0 050 Xz 04
® 3, b such that
0o
¢ €10,1]
oo
. . .
Naive PR Wise PR ARCH
1E0 T T T T T T T T T E P
——L, I
el il i || E, Py
—— £, P3
1E-4 | + 1L = Ex, Py
——E;, Ps
5 1esf + + > Ex. Ps
5
1E8} + + 8
6 6 6
1E-10[ 4 +a 4 1
2 2 2
1E-12 L 1 L L L 1 L L L 1 L L
- 1E3 1E4 1E5 1E3 1E4 1E5 1E3 1E4 1E5
DOF DOF DOF
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Numerical Benchmark

Wise PR ARCH
n 1E0 T T T T T T
——E, Py
1E-2 .. || Es. Py
@ s ~Ey, Py
feSEes 164 1 = Eoo, P3
A
(it ——E, Py
o ] .
o of |REEN § 1g6 1 B, s
e &
1E-8 - N
08 6 6
1E-10[ 4 -4 8
2
1 1
2 - - - 1612 | | | | | |
12 06 o o8 12 1E3 1E4 1E5 1E3 1E4 1E5
“ DOF DOF
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Numerical Benchmark

Wise PR ARCH
1E0 T T T T T T
B —-L, P
1E-2 | .. |7 Ew. Py
o8- N\ ——E;, Ps
SN
6% 1E4f H+ Eco, P3
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1E0 - - T T T T
B
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2 - E, P
& B 1E2f 1 o Py
& A —— £, Py
os] SO 5
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Numerical Benchmark

DOF = 197340

Py

P3

Ps

Eq Eso

E; Eso

Eq Eso

Naive PR
Wise PR
ARCH

2.91E—-03 9.36E—03
1.20E—-05 6.12E—05
1.20E—-05 6.37E—05

2.91E—-03 9.36E—03
4.45E—-09 3.60E—08
5.35E—09 3.74E—08

2.91E—-03 9.36E—03
2.98E—11 4.60E—10
9.48E—12 2.15E—09

DOF = 197340

Py

P

Ps

E; Eoo

E; Eoo

E; Eoo

Naive PR
Wise PR
ARCH

2.87E—03 9.33E-03
1.07E—-05 1.36E—02
1.03E—-05 2.03E—03

2.87E—03 9.31E-03
5.45E—09 1.16E—06
7.42E—10 4.40E—08

2.87TE—03 9.31E—-03
3.37E—12 1.44E-10
1.93E—12 1.00E—10

Numerical Benchmark
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Numerical Benchmark

Wise PR ARCH
1 1E0 . ) i ‘ ‘ ‘
——E, Py
=2y (R = Ee Py
N —— £y, P
1E-4| il S EE
——E1, Ps
oo S 1E61 1 I
&
1E-8| I
06 . )
1E-10[4 | S
2 2
L 1
a . . - 1612l i | 7 ‘ ‘
12 06 0 06 12 1E3 1E4 1E5 1E3 1E4 1E5
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BRSO OERR 1E4 | | "
(SIS s e Exbs
SRSy LR | 5
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L 1
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Numerical Benchmark

DOF = 197340

Py

P3

Ps

Eq Eso

E; Eso

Eq Eso

Naive PR
Wise PR
ARCH

5.88E—03 1.88E—02
6.47TE—05 1.77E—04
6.48E—05 1.80E—04

5.88E—03 1.88E—02
3.68E—08 1.37E—07
4.44E—-08 1.76E—07

5.88E—03 1.88E—02
1.80E—10 6.22E—09
1.21E—10 1.24E—-08

DOF = 13056

Py

P

Ps

E; Eoo

E; Eoo

E; Eoo

Naive PR
Wise PR
ARCH

2.13E—-02 7.06E—02
9.72E—04 9.67E—03
9.24E—-04 6.35E—03

2.12E—02 7.05E—02
8.25E—06 6.20E—04
7.29E—07 8.27E—05

2.12E—02 7.05E—02
3.31E-08 1.30E—06
4.84E—09 5.86E—07

Numerical Benchmark
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Numerical Benchmark

Wise PR ARCH
" 1E2 T T T T T T
1E0| 1
e 1E2f 1 1
L 1E4f 1 1
o 2
Y iE6| 1 1
s 1E8f 1 1
6 6
1E-10-4 T2 1
2 2
A - I . 1 I 1 1
12 05 o o8 o BT 1E4) 1E5 1E3 1E4) 1E5)
“ DOF DOF
DOF = 13056
P, P Pg
El Eoo E1 Eoo El Eoo

Naive PR 2.13E—-02 7.06E—02 2.12E—02 7.056E—02 2.12E—02 7.05E—02
Wise PR 9.72E—04 9.67E—03 8.25E—06 6.20E—04 3.31E—08 1.30E—06
ARCH 9.24E—04 6.35E—03 7.29E—07 8.27TE—05 4.84E—09 5.86E—07
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Numerical Benchmark

® [ g — interior and exterior boundaries

- X1 _ R(0: ) cos(f) e X1 _ Re(6: o) cos(f)
X sin(6) X sin(6)
Ri(6;cu) = n <1 + % sin(a.ﬂ)) , Re(6iae)=re (1 + % sin(aEH))

® Manufactured solution:

#(r,0) = a(0) + b(#)In(r)
® 3(0) and b(#) are chosen such that ¢ € [0,1] in Q
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Numerical Benchmark
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Numerical Benchmark
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Numerical Benchmark
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Numerical Benchmark | Mesh Pick-up
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Numerical Benchmark | Mesh Pick-up
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Numerical Benchmark | Mesh Pick-up
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Numerical Benchmark | Mesh Pick-up
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Conclusions and Final Remarks

v HO is fully restored with the ARCH method
¥ Wise PR and ARCH methods have comparable accuracy

v Extrapolation situations are less robust
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results)

e Improved mesh pick-up algorithms are in progress
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