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In this presentation...

O How to deal with div-grad dualities using high-order (finite volume)

polynomial reconstructions free of oscilations and instabilities?
® How to extend the method for non-linear problems?

©® How to preserve the quality of the fluxes approximations on smooth

curved boundaries?
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Incompressible Stokes Problem

® Polygonal domain Q with boundary 0%, steady-state and incompress-
ible Stokes problem

V. <—1/VU+1PI) =g, in Q
p

V-U=0, in Q

U= Up, on 092

= The main difficulty is to handle the div-grad duality!

m Colocatted disctretization: all unknowns defined in one mesh; stabi-
lization procedure required (e.g. Rhie-Chow interpolation)

m Staggered discretization: (primal) mesh and diamond mesh; stable
and robust
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Primal /Diamond Staggered Meshes

Primal Mesh

® Primal/diamond mean values (unkowns)

C/PdX Ulk"-* /UldX U2k~ /UQdX
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Finite Volume Discretization

® Momentum equation in diamond cells

/V-(—VVU+1PId> dX:/ng =

Ck Ck

T Z | el lZCr F,@k(er'i‘F/aker)

Lev(k)

— gs.x = O(h5), k€ Cp

® Divergence-free equation in primal cells

/CV-UdX:O = |Ze,,|[24,,j,

i JEVI

O(H®), i e Cm

® Physical fluxes

1
Fé’,u,r = —vVUs(qke,r) - Nke, Fﬁp,kz,r = ;P(qké,r)”ﬁ,kf
FY, = U(q qij, r) - njj

ij,r

® Mean source term (Gaussian quadrature): gg « %/ gpdX
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Polynomial Reconstructions for Primal Cells

® Conservative recontruction for primal cell ¢;, i € Cp

= Peax=p, M= [ (- m)e o
lci] Je, lcil Jo,

Pi(x)=Pi+ Y RF(x—m)*—M]
1<[al<d

® Coefficients R; = (R{*)1<|a|<d

® Minimization functional
1 2
E,'(R,') = Z |:m/ P,‘(X) dX — Pq:|
qE€Sq,i 9l Jeq

L=y 7/?,\,- minimizes E;(R;) in the least squares sense
u ﬁ,-(x) has the coefficients R;
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Polynomial Reconstructions for Diamond Cells

® Conservative recontruction for diamond cell ¢, k € Cp

1 1
_/ Uﬁ)k(X) dx = Uﬁvk’ /\/I;(l = _/ (X _ mk)a dx
‘Ck| Ck |Ck| cx

Up () = Us+ Y R llx— me)™ — Mg]

1<|a|<d

= Coefficients Rg x = (R y)1<|al<d
® Minimization functional

2

1
Esk(Rpu)= Y {m/ Upk(x) dx — Us 4
qESd K ql v cq

L= 7/2\5’;( minimizes Eg x(Rp ) in the least squares sense

® Ug () has the coefficients R
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Polynomial Reconstructions for Diamond Edges

® Non-conservative recontruction for diamond edge e, k € Cp, £ €
v(k)

Uﬁ k[ Z RB k@ X — mk[)

0<|al<d

® Coefficients R ke = (R x¢)o<|a|<d

® Minimization functional

1
Eﬂ ke Rﬂ k@ Z Wa,ke,q {m/ U@J@(X) dx — U,37q
q Cq

GESd ke

2

= 7’5,5’,(@ minimizes Eg k(R ke) in the least squares sense

= UBM(X) has the coefficients 755,;(4
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Polynomial Reconstructions for Diamond Edges

® Conservative recontruction for diamond edge exp, k € Cp

1 — 1
—/ UﬁﬁkD(X) ds = Uﬁ,kD, M;(XD = —/ (X — mkD)a dx
|exp] lexol

Usin(x) =Upio+ > Riupl(x — mip)* — Mp]
1<|al<d

® Coefficients Rg k = (R 4 )1<|al<d

® Weighted minimization functional, wg xp = (W3,kD,q)g=1,.... #5440

2
Es«p(Rskp) = Z WL KkD,q {—|/ Up kp(x) dx — Ug 4
GES4 kD Cql Je,

15 R ke minimizes Eg xp(Rp,kp) in the least squares sense

® Upg ke(x) has the coefficients Rg ks
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Numerical Fluxes

Ck €k €kD Ci

Uik, U Us ke, Uz ke Uip, Uz b

o

® |nner diamond edge exs, with i = Maq(k, £)

. 1~
Farer = —VVUpka(Quer) - tes  Fhe, = ;Pi(qke,r)nﬁ,ke

® Boundary diamond edge exp with i = Maq(k, D)

o~

]:gU,kDJ = —vVUz «p(qkp,r) - kD, fE,kD,, = ;Pi(QkD,r)nﬁ,kD

® Inner/boundary primal edge e; with k = p(i, )

Fiir = Uri(qy,r)m,ij + Ua2,k(qi,r )2,

F

1

%,r = U1 ko(gip,r)m,ip + Uz ko (gip.r)M2,iD
11/30
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Residual Operators

® Residual for each primal/diamond cell, ® = (Uy, U,, P) € R2K+/

Z |ek£| [ZCF fﬁklr+f6k£r)

Lev(k) 1

= fg’k, keCp

-y 'e'f'zc, Y, i€Cu

JjEV /) ’

® Global residual operators
B _ (a8 \Y% _ (oY
G°@) = (@), e GT@=(GT @)y,
® Affine operator from R?X*/ into R2K+/

H(®) = (G1(®), ()67 ()
® Find the solution ®* = (U3, U3, P*)7 € R2$+/ solving H(P) =0
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Numerical Results

Q=017 p=v=1

05
0.4
03
0.2

1
® U (x) = 5 (1 — cos(mx1)) sin(mxz) o2
1 Xz 0.0
B (h(x) = > sin(mx1) (cos(mx2) — 1) o
-0.3
1 by I .
= P(x) = 5 cos (E(x1 +%)) e
: ' P [Pa]
X
1 T -0.0 1 1.0
| 0.1 0.9
I -0.2 I 0.8
\ l 03 07
04 06
Xz 5 x, 0.5 -0.5 x, 05 05
0.6 04
-0.7 03
0.8 0.2
I 0.9 — I 01
0 -1.0 0 0.0
! U1 [mis] ° ) ! U2 [mis] ° 05 ! Uil [mis]
X Xy X
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Error Analysis (Delaunay Mesh)

'y —DPs
s 1E4f 1 e U
E < P
X, 0.5 c 1E6[ )
2 1E8| 1
% 6
1E-10 4 a
2
0 : 1E-12 b ! i
0 0.5 1 1E3 1E4 1E5
X1 Degrees of Freedom, DOF
1 1E0T "‘\*\‘x\x T )
, 1E2| H— P
w —DPs
xe: 1E-4 - . . g
;0.5 = x
* WojEef :
£
2 1E8| g
8 6
0 - 2
0 05 1 1E-12 b £ : J
Xy 1E3 1E4 1E5

Degrees of Freedom, DOF
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Error Analysis (Deformed Mesh)

Incompressible Stokes Equations

L*-norm Error, E;

L>-norm Error, E,

1EO [
1E-2
1E-4 |-
1E-6 |
1E-8|
1E-10

1E-12k

1EOF
1E2}
1E41
1E-6[
1E-8}
1E10f 4

1E-12 b

T T P,
T PPy
Ps
o U
x P
3 §
I 2 1
1E3 1E4
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Py
P
o U
x P

1E3 1E4
Degrees of Freedom, DOF
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Time Consumption Analysis

1EQ [ T T T T a

7l x\,\x\x Pl
1E-2 1 Ps
Iy Ps
s 1E-4f 4 e U
= x P
e = 1
X, 0.5 £
2 1E8| g
&l
1E-10 B
0 y 1E-12 h I | | |
0 0.5 1 1E-1 1E0 1E1 1E2 1E3
X3 Execution Time, Tg [s]
1E-2 | i P
oy Ps
§ 1E-4 | 1] e llé
£ x
- Y 1E6} .
z
2 1E-8f .
B
1E-10 3
1E-12k I 1 1 i
1E-1 1E0 1E1 1E2 1E3
Execution Time, Te [s]
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Incompressible Navier-Stokes Problem

B Polygonal domain Q with boundary 02, steady-state and incompress-
ible Navier-Stokes problem

V-(U@U—VVU%—%PI):g, in Q
V-U=0, in

U= Up, on 00

® Linear formulation with A = (A1, A;) equivalent when A — U

Vs

V-(U@/\—Z/VU—l—lP/):g7 in Q
p
V-U=0, in Q

U = Up, on 0L

.
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Finite Volume Discretization

® Momentum equation in diamond cells
R
|Ck| Z |eke| [ZCF Fﬂklr+F5kfr+Fﬁklr)] — 8B,k _O(hk ) kECD
v(k) r=1
m Divergence—free equation in primal cells

o1 2 led [ZG

jev(i)

O(RF), i€ Cm

® Physical fluxes

1
Fgrer = —vVUs(aqrer) - ey Fh e, = ;P(qkz,r)"ﬁ,ke

FS e, = Us(arer) (Maxe.r) - npke), By, = U(gy,) - ny

® Mean source term (Gaussian quadrature): gg « %/ gpdX
Ck
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Polynomial Reconstructions

Ck €kt €kD Ci

u al,k. aQ,k Z’2,ke, az,u akD, aQ,kD -
Rl,k. RZ,k Kl,kf; KZ,kZ KI,kD, KZ,kD -

P — = — P,

® Centred/upwind approximation for inner diamond edge ey

Nie,r = /N\ké(qké,r)a
Neey =TT (T\kz(w,r) : nke) Rk(‘lk&r) +7T- (T\ké(qké,r) : nke) Re(CIke,r)

® Centred/upwind approximation for boundary diamond edge exp

Akp,r = /N\kD(QkD,r)a

Ao, =T+ (T\kD(qu,r) : nkD) A(quo.r) + T (T\kD(qu,r) : nkD) Ao (quo.r)

Incompressible Navier-Stokes Equations 19/30



Numerical Fluxes

® |nner diamond edge exe, with i = Maq(k, £)

T er = Witr - mie] ™ U i(Guer) + [Nier - kel ™ U e(aue.r)

Firer=—vVUgie(quer) - nie;  Fh oy = ;Pi(qk(’.r)nﬁvu

® Boundary diamond edge exp with i = M (k, D)

FSuor = [Mo,r - mko]” Up k(axp,r) + [Ako,r - mko] ™ Up,p(qko,r)
v vl P _1p
Faup,r = —VVUg kDo ,) - kD5 Fpip,r = ) i(qkp,r) N kD

® Inner/boundary primal edge e;/eip with k = Ip(i, )

Fiir = Ur(qy,r)n i+ Us k(g3 ) o, i,

. - .
Fib.r = U1ko(qip,r)n,ip + U2 «kp(gip,r)n2,ip
Incompressible Navier-Stokes Equations 20/30



Residual Operators and Fixed-point Algorithm

" Residual for each primal/diamond cell, ® = (®Y,dF) e RAK+H),
V= (o") e R

PACAYES) o] [Zgr(fﬁkér+fﬂk€r+fﬁkfr)]_fﬁ,k

eev(k) I

o @)= 3 13¢5 .

jev(i)

® Global residual operators

gNS(cb;\ll) = (gDs(¢;w))k=I+1,..4,l+K’ Gv(®) = (giv(cb))l_:

1.0

= Affine operator from R2(K+/) jnto R2(K+/)

;
H(D; W) = (GN(d; V), GV (9)) .
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Residual Operators and Fixed-point Algorithm

B Fixed-point algorithm

m R" — residual
B Ruax — tolerance
® () — relaxation coefficient
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Numerical Results

Incompressible Navier-Stokes Equations

Q=101 p=1,v=10"°

P(x) = % (cos(2mx1) + cos(2mx2))

2

2

(3 — cos(mx1) sin(7x2))

(3 — sin(mx1) cos(mx2))

2.0
19
18
17
16

15 x, 0.

14
13
12
11
1.0

1
U1 [mis]

1
u2 [mis]

21

2.0

18
18

1
1UI| [m/s]
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Error Analysis

Centred
Pl ]P3 ]P5
DOF E; 0 E; O E: [}
168 1.06E—02 — 2.22E-03 — 4.61E—04 —

U 585 3.03E-03 2.01 1.40E-04 444 128E-05 5.75
2373 7.27TE—-04 2.04 8.81E-06 3.95 1.89E—-07 6.02
9339 1.90E—04 196 5.58E—-07 4.03 4.04E—09 5.61
168 9.86E—03 = 2.29E—-03 = 4.74E—04 =
A 585 2.85E—03 199 145E—04 442 131E-05 5.76
2373 7.25E—-04 195 9.02E—-06 3.97 1.93E-07 6.02

1.97

9339 1.88E—04 5.57E—07 4.07 4.05E—09 5.64

104 2.03E—-02 4.24E—03 — 7.30E—04 —
P 374 497E—-03 220 263E-04 435 168E-05 5.89
1550 1.09E—03 213 149E-05 4.04 1.71E-07 6.45
6162 2.50E—04 2.08 9.11E—-07 4.05 3.22E—09 5.76
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Error Analysis

Centred
Pl ]P3 ]P5
DOF E; 0 E; O E: [}
168 1.06E—02 — 2.22E-03 — 4.61E—04 —

U 585 3.03E-03 2.01 1.40E-04 444 128E-05 5.75
2373 7.27TE—-04 2.04 8.81E-06 3.95 1.89E—-07 6.02
9339 1.90E—04 196 5.58E—-07 4.03 4.04E—09 5.61
168 9.86E—03 = 2.29E—-03 = 4.74E—04 =
A 585 2.85E—03 199 145E—04 442 131E-05 5.76
2373 7.25E—-04 195 9.02E—-06 3.97 1.93E-07 6.02

1.97

9339 1.88E—04 5.57E—07 4.07 4.05E—09 5.64

104 2.03E—02 4.24E—-03 = 7.30E—04 =
P 374 497E—-03 220 2.63E-04 435 1.68E—05 5.89
1550 1.09E—03 213 149E-05 4.04 1.71E-07 6.45
6162 2.50E—04 2.08 9.11E—-07 4.05 3.22E—09 5.76
Upwind
Pl P3 ]P5
DOF E1 01 E1 01 El ol
168 1.63E—02 = 2.70E—-03 = 5.15E—04 =
Us 585 3.87TE-03 231 1.16E—04 5.05 1.33E—05 5.86
2373  9.71E-04 1.98 8.74E—06 3.69 2.09E—07 5.93
9339 2.85E—-04 179 5.30E—-07 4.09 3.43E—-09 6.00
168 1.55E—02 = 2.70E—03 = 5.15E—04 =
Us 585 3.85E—-03 2.23 1.20E—04 5.00 1.35E—05 5.84
2373 9.62E—-04 1.98 8.87E—-06 3.72 2.12E-07 5.93
9339 2.85E—-04 1.78 5.29E—07 4.12 3.45E—-09 6.01
104 3.33E—-02 = 4.59E—-03 = 8.76E—04 =
P 374 8.13E—03 2.20 2.20E—04 4.75 1.75E—05 6.12
1550 1.96E—03 2.00 145E—-05 3.83 1.61E—07 6.59
6162 5.03E—04 197 8.79E—-07 4.06 236E—09 6.12
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Error Analysis

Centred
Pl ]P3 ]PS
DOF B O E O Ex O
168 5.07E—02 = 6.98E—03 = 1.79E—03 =
U 585 243E—-02 118 5.97E—04 394 582E-05 5.49
2373 5.12E—-03 222 5.01E—05 354 128E—06 5.46
9339 2.15E—03 1.27 453E-06 351 1.86E—08 6.17
168 6.92E—02 — 8.76E—03 — 1.74E—03 —
Us 585 1.20E—02 281 7.75E—04 3.89 5.03E—05 5.68
2373 431E-03 146 5.31E-05 3.83 1.05E—06 5.52
9339 2.21E—-03 098 4.69E—06 354 1.63E—08 6.08
104 8.86E—02 — 1.33E—02 = 2.37E—03 =
P 374 237E—02 2.06 1.01E—03 4.03 1.34E—-04 4.49
1550 7.71E—03 158 6.656E—05 3.83 2.12E—-06 5.83
6162 2.14E—03 1.85 5.10E—06 3.72 3.20E—08 .08
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Error Analysis

Centred

Py P3 Ps
DOF E Oso E O Ex O
168 5.07E—02 — 6.98E—03 = 1.79E—03 =
Ur 585 2.43E—-02 1.18 5.97E—04 3.94 5.82E—-05 5.49
2373  5.12E—03 222 5.01E-05 3.54 1.28E—06 5.46
9339 2.15E—03 1.27 453E-06 3,51 1.86E—08 6.17

168 6.92E—02 — 8.76E—03 — 1.74E—03
A 585 1.20E—02 2.81 7.75E—04 3.89 5.03E—05 5.68
2373  4.31E—-03 1.46 5.31E—05 3.83 1.05E—06 5.52
9339 2.21E—03 098 4.69E—06 354 1.63E—08 6.08
104 8.86E—02 — 1.33E—02 — 2.37E—03 —
P 374 2.37E—-02 2.06 1.01E-03 4.03 1.34E-04 4.49
1550 7.71E—03 1.58 6.65E—05 3.83 2.12E-06 5.83
6162 2.14E—03 1.85 5.10E—06 3.72 3.20E—08 6.08

Upwind

Pl P3 ]P5
DOF E Oso E O E Oco
168 921E-02 — 855E-03 — 106E-03 —
U 585 2.50E—02 2.04 497E-04 456 5.44E—-05 5.74
2373 5.71E—-03 2.16 4.59E—-05 3.40 1.18E—-06 5.47
9339 3.14E—-03 0.82 4.17E—06 3.50 1.90E—08  6.03
168 4.76E—02 —  757E—-03 — 208E—03 —
Us 585 3.35E—02 0.57 5.85E—04 411 4.10E-05 6.29
2373 6.17E—03 242 4.23E-05 3.75 1.06E—06 5.22
9339 3.35E—-03 0.89 4.25E—06 3.35 1.85E—08 5.91
104 163E—01 — 155E-02 — 289E—03 —
p 374 3B80E-02 228 9.02E—04 444 124E—04 4.93
1550 126E—02 156 7.41E—05 3.52 2.02E—06 5.79
6162 3.73E—03 1.77 5.24E—06 3.84 3.94E—08 5.70
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Convergence Analysis

DOF 440 1544 6296 24840
0 Nomres  Nep Nomres  Nep Nowres  Nep Ngmres — Nep
1 6776 31 15334 33 42236 35 94229 39
Centred 0.8 7378 32 19004 42 25668 23 48726 22
0.5 13243 57 31756 69 47933 40 90657 38

Py
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Convergence Analysis

DOF 440 1544 6296 24840
0 Nomres  Nep Nomres  Nep Nowres  Nep Ngmres — Nep
1 6776 31 15334 33 42236 35 94229 39
Centred 0.8 7378 32 19004 42 25668 23 48726 22
0.5 13243 57 31756 69 47933 40 90657 38
1 — nc — nc nc = nc
8 18609 84 52846 113 144663 123 182490 81
5 30808 138 25635 55 99902 91 301373 130

Py

Upwind 0.
0.
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Convergence Analysis

DOF 440 1544 6296 24840

0 Nomres  Nep Nomres  Nep Nowres  Nep Ngmres — Nep
1 6776 31 15334 33 42236 35 94229 39

Centred 0.8 7378 32 19004 42 25668 23 48726 22
P 0.5 13243 57 31756 69 47933 40 90657 38
! 1 — nc — nc — nc = nc
Upwind 0.8 18609 84 52846 113 144663 123 182490 81

0.5 30808 138 25635 55 99902 91 301373 130
1 24341 102 55196 109 74941 66 81781 38
Centred 0.8 7533 31 14300 28 24621 21 48927 21
Py 0.5 12964 53 25855 49 48759 38 95547 38
1 = nc = nc = nc = nc
Upwind 0.8 10548 45 26565 56 99173 93 142113 72
0.5 11729 48 25151 47 65232 52 97303 39
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Convergence Analysis

DOF 440 1544 6296 24840
0 Nomres  Nep Nomres  Nep Nowres  Nep Ngmres — Nep
1 6776 31 15334 33 42236 35 94229 39

Centred 0.8 7378 32 19004 42 25668 23 48726 22

P 0.5 13243 57 31756 69 47933 40 90657 38
! 1 — nc — nc — nc = nc
Upwind 0.8 18609 84 52846 113 144663 123 182490 81
0.5 30808 138 25635 55 99902 91 301373 130

1 24341 102 55196 109 74941 66 81781 38

Centred 0.8 7533 31 14300 28 24621 21 48927 21

Py 0.5 12964 53 25855 49 48759 38 95547 38
1 = nc = nc = nc = nc

Upwind 0.8 10548 45 26565 56 99173 93 142113 72

0.5 11729 48 25151 47 65232 52 97303 39

1 — nc — nc — nc — nc

Centred 0.8 11184 44 18741 32 39670 31 71900 30

P 0.5 21337 84 33272 56 68526 52 112809 45
> 1 = nc — nc = nc = nc
Upwind 0.8 9330 37 18449 32 29441 25 62532 25

0.5 14825 57 31561 52 52433 39 109796 42
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Dirichlet Condition on Curved Boundary

®= Find U} 4p #* Ug,kD wich best approximates Ug,kD(x) at gip,r

B ¢p — curved edge on boundary

® pip,, — Gauss point on &p DD, €kD
H(UE,kD) = min H(UB’kD) 'U]_/' . - U2
4dkD,r €kD
AN 2
H(Usk0) =Y (Us ko(pio,r) — Usp(pio,r))
r=1
( N\

© With Uj 5z compute Us.kp(x), if n=0 set U3 k0 = Upuo
@ Evaluate the errors 6! = U p(pip,r) — Ug,kp(pkp,,),

® Update the mean value with Ug)ﬁJ =Ugwp + Zle &6
® Stop if (UL — Uj 4ol < esUg np and set U ,p = U’
©® Else go to step (1)

. J
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Numerical Results

B O={x:T?<1}, P=x+x¢, a=1/ ((1/(2\@))exp(1/2))
B p=v=1 UKx)=aexp(r®)(1 —7) [~y x]", P(x) = cos(r7?)

1.0
AvATAVAY
YAV ASTAY 2 0 aTAY
RREERS 08
SRR 06
LRI SDRIIRORERERIAN .
SEEERIERPERERO0N
ISR SR 04
RIS
B e A I 02
B S R R x 00
z Vi v VA AVAVATATASA ol z .
RARR AN O] 02
S ISR .
RO -0.4
SEAKREKLS
VA )
NVAvaws, -0.6
K
-0.8
-1.0
0 1
P[Pa
Xy Pl
1 1.0 1 1.0 1.0
0.8 0.8 09
0.6 0.6 08
0.4 0.4 07
0.2 0.2 06
X 00 x. 0 00 x 05
-0.2 0.2 04
-04 -0.4 03
-06 -0.6 0.2
-0.8 -0.8 0.1
1 -1.0 -1 1.0 0.0
-1 0 1 -1 0
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Error Analysis
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Conclusions and Current Studies

® Conclusions:

@ High-order scheme for the (Navier-)Stokes problem
¥ Robust and better accuracy vs time consumption performance

@ Simple algorithm to preserve the accuracy on smooth curved bound-

aries
® Current Studies:

® HO-FV scheme for the NS problem coupled with the energy equation

® Non-constant viscosity and compressible case
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