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Context and motivations

A CFD code for "industrial" purpose:

e Preserve some stability, (as far as possible) independently of the space and time
steps,

e Accurate at any Mach number ?

A\ Time discretization with a fractional step algorithm, pressure correction method.
A\  Staggered space discretization (but not structured mesh).

Schemes described hereafter are implemented in the free software ISIS, based on the
software component library and framework PELICANS.




Space discretization

e Primal mesh : M = { set of control volumes K}.
e Scalar variables defined at cell centers: (px)kem, (0x)kem,(Ox) ke - - -

e Velocity components defined at the (some) edges : (vy) () -

e Dual mesh(es) : (Dy), ce()-




Variable density Navier-Stokes equations

On (0, T) x Q where Q is a bounded connected domain of R?, d € {2,3}:

atp —+ div(pu) =0,
dt(pu) + div(pu @ u) — div(t(u)) + Vp = 0.

where :

o T(u)=u(Vu+ Vi) - %‘ divu I, where u is a positive parameter, possibly
depending on x,

¢ u\aQ = Uy, u|t:o = U,

e The density p is assumed to be a given positive known function, approximated by a
piecewise constant function p = ) x px1xk.

Kinetic energy balance : (Momentum balance)-u & mass balance:

1 1
at(§p|u\2) -+ div(§p|u\2u) —div(t(u)) - u+Vp-u=0.







General form of the discretization

Implicit scheme :

1 1
E(PK—P}%>+m Z Fxoe =0, Ke M,
ce&(K)
1 1
E(Po”a — pooty) + Dy ] Y Fretie + (Taigg(#))o + (Vp)o =0, 0 € Eine.
7l ec&(Dy)
with :
. . +
FK,O’ = |0'| Po U " NK o, Po = PK > PL,
(Vp)o = 12 (p1 — pro)
ple = D, ] PL — PK)NKo,

(Tgise(u)) o discretized by the Rannacher-Turek finite element.

The dual densities p, and dual fluxes F, . are built so that a discrete kinetic energy holds.

u0'+uo,l

Second order centered discretization of the velocity on the dual faces: ue = —=




General form of the discretization

Rannacher-Turek finite element for the diffusion :
Case of the Stokes problem :

—AMu+Vp=f, Q
divu = 0, Q,

u=20, 0Q).

Discrete problem :

° @1(K) — Span{llxi/xlz_|_1 - xl'2_|_1;1 < i < d— 1}

e Discrete spaces :
U|K€@1(K), VK € M

vth<:>{ /[U]:o, Vo € Eint.
o

qEQh<:>q|K:CSt.




General form of the discretization

Rannacher-Turek finite element for the diffusion :
Case of the Stokes problem :

—AMu+Vp=f, Q
divu = 0, Q,

u=20, 0Q).

Discrete problem :

e Q(K)= span{l,xi,xl%r1 — xi2+1,1 <i<d-1}

e Discrete spaces :
TJ‘K€@1(K), VK € M

vth<:>{ /[U]:o, Vo € Eint.
o

e Find (uh, ph) in Vﬁl X Qy, such that for all (vh, qh) in V;;l X Qy -

qEQh<:>q’K:CSt.

\Y4 'V / di :/ : ’

;/K uy, vh"‘;  Prdivoy Qf Uh
Z/ qhdivuh:O
~ Jx




General form of the discretization

Properties of the scheme :

e Gradient-divergence duality :

Y |K]| px (divo)k + Y |Do| v - (Vp)o =0, forall (p,v) € Q; x VY.
KeM ccé&




General form of the discretization

Properties of the scheme :

e Gradient-divergence duality :

Y |K]| px (divo)k + Y |Do| v - (Vp)o =0, forall (p,v) € Q; x VY.
KeM ccé&

e Positivity/coercivity of the diffusion term (Rannacher-Turek FE) :

Y~ IDo| (Taite(0))o - w0 = 017, forallv € VY.
ce&




General form of the discretization

Properties of the scheme :

e Gradient-divergence duality :

KeM S

e Positivity/coercivity of the diffusion term (Rannacher-Turek FE) :

Y |De| (Taite(0))o - 0o = |25 1, forall v € V.
el

e LBB (inf-sup) condition (via a Fortin interpolation operator) :

/ pdivy,u

inf sup = B.
pEQn uevd HPHL2 Hquh




General form of the discretization

Properties of the scheme :

e Gradient-divergence duality :

KeM ce&

e Positivity/coercivity of the diffusion term (Rannacher-Turek FE) :

Y |De| (Taite(0))o - 0o = |25 1, forall v € V.
el

e LBB (inf-sup) condition (via a Fortin interpolation operator) :

/ pdivy,u

inf sup = B.
pEQn uevd HPHL2 HuHm

e Discrete kinetic energy balance :

1 1
Z_(St (pU ’uU‘Z _P; ‘umz) + 2’D0" Z FO',G Ug - Uy — (Tdiff(u))a‘ua+ (VP)U‘ua < 0.

GZDU' |D0,/




Discrete kinetic energy balance

d;p + div(pu) =0,

dt(pu) + div(pu @ u) — div(t(u)) + Vp = 0.

4
o (0tu+ Vuu) —div(t(u)) + Vp =0.




Discrete kinetic energy balance

d;p + div(pu) =0,

dt(pu) + div(pu @ u) — div(t(u)) + Vp = 0.
4
u- {p (0 + Vuu) —div(t(u)) + Vp = 0.}




Discrete kinetic energy balance

dip + div(pu) =0,

dt(pu) + div(pu @ u) —div(t(u)) + Vp = 0.
4

ul? jul? .
0 atT+VT —div(t(u)) - u+Vp-u=0.




Discrete kinetic energy balance

dip + div(pu) =0,

dt(pu) + div(pu @ u) —div(t(u)) + Vp = 0.

4
ul? jul? -
P atT+VT —dIV(T(M))u+Vpu:0
2 ZU
at‘)';" +Vp|;l| —div(t(u)) - u+Vp-u=0.

e The mass balance equation was used twice.




Discrete kinetic energy balance

dtp + div(pu) = 0,

dt(pu) + div(pu @ u) —div(t(u)) + Vp = 0.

4
\ulz !u!2 .
pldi— +V— | —div(t(u)) - u+Vp-u=0.
2 2U
atp’;” +Vp’g’ —div(t(u)) - u+Vp-u=0.

e The mass balance equation was used twice.
e The mass and momentum balances are not discretized at the same locations !
|K| . Fr  — Ke M
(ok —px)+ Y. Fxe =0, e M,
ot
ce&(K)

1 *
5 (0oue — pyuy) +

‘ ‘ Z Faeue - Tdiff(u))a + (Vp)g' =0, o€ &uy.
71 ec€(Dy)




Discrete kinetic energy balance

Theorem (Herbin, Kheriji, Latché) :

Assume that a discrete mass balance holds over dual mesh :

D
‘ (5:’ (br —p5)+ ), Foe=0, Y0 E &
€€5(DU)

Then a discrete kinetic energy balance holds :

1 1
25t <PU |u0‘2 — P \u§|2) + 2Dy | Z Foe iy - 1 — (Tqigf (1) )o - he + (Vp)o - s <0,
71 ec€(Dy)
€:D0—|D0_/

+summingoverc € £andk=1,..,n:

1 * 2 1
> X IDolol b2+ Y- 0t < 5 X Delpd 12, WneN.
k=1

ocet ocet




Discrete kinetic energy balance

We have :
K *
%(PK —ox)+ ), Fxo =0,
ce&(K)
L *
%(PL —01)+ ), Fo,=0.
ce&(L)




Discrete kinetic energy balance

We want : We have :
D K
| 5;" (be=pz)+ ) Foe=0. %(PK —pk)+ ) Fre
ec&(Dy)
L]

S eL—ei)+ ), Fre=0.

Let w such that divw = c¢st and for all face ¢ of K:

/ w-nxy = Fgo  (ifting of the primal fluxes).
o

Then one defines:  F,¢ = /w MNge
€




Discrete kinetic energy balance

We have :
D K
| 5:‘ (e —p5)+ Y. Fre=0. |5t| (ox —pk)+ ) Fxo =0,
ec&(Dy) o€e&(K)
L
|5t‘ (oo —pi)+ ). Fro=0.
ce&(L)
1 Let w such that divw = cst and for all face ¢ of K:
<L / w-nxy = Fgo  (ifting of the primal fluxes).
o
Then one defines:  F,¢ = /w MNge
t €
D D
Fx o + Z Fge—/ w-n= divw = | KU’/le Do | w-n
ec&(Dy) Dk Dk, K| Jak
eCK
|Dx | _ |Dkyel K|
' Fko = (ox — Pk)
K| O_E;(K) v K| ot PK




Discrete kinetic energy balance

We want : We have :
D . K X
|5§"(po——po—)+ 2. Foe=0. %(PK—pKH >, Fxoe=0,
ec&(Dy) ce&(K)
L *
%(m —pi)+ ) Fro=0
ce&(L)

Let w such that divw = c¢st and for all face ¢ of K:

<L / w-nxy = Fgo  (ifting of the primal fluxes).
(o

Then one defines:  F,¢ = /w MNge
€

’DK,O"
ot

(PK _P}z) + Fxo + Z Fre =0,
ec&(Dy)
eCK




Discrete kinetic energy balance

We want : We have :
D . K X
|5§"(po——po—)+ 2. Foe=0. %(PK—pKH >, Fxoe=0,
ec&(Dy) ce&(K)
L *
%(m —pi)+ ) Fro=0
ce&(L)

Let w such that divw = c¢st and for all face ¢ of K:

<L / w-nxy = Fgo  (ifting of the primal fluxes).
(o

Then one defines:  F,¢ = /w MNge
€

’DK,O"
ot

D
(PK—P}%)‘FFK,U‘F Z F(T,é‘ =0, and ’ 5L£U’(PL_PE)+FL,0+ Z Fa,e = 0.
e€&(Dy) ec&(Dy)
eCK eCL




Discrete kinetic energy balance

We want : We have :
D * K *
| 5:‘ (oe —p5)+ Y. Fre=0. %(PK —0x)+ ), Fke =0,
ec&(Dy) oce&(K)
L *
%(PL —p1) + Z Fr =0.
ce&(L)

Let w such that divw = c¢st and for all face ¢ of K:

<L / w-nxy = Fgo  (ifting of the primal fluxes).
(o

Then one defines:  F,¢ = /w MNge
€

1
~(IDkolox +Drolp =|Dkolok = 1DLolpt) + L Fre =0,
~ N~ - ec&(Dy)

=:|Dy |pe




Discrete kinetic energy balance

A construction which does not depend on the element K :

D D
FK,U‘|— Z Pa’ez/aD w-n = A divio — | Kal/dlv | Kal
K,o K,o

w-n
ec€(Dy) K| Jok
eCK
Dk | _ |Dxyel K|
= % Fro = (ox — Pk)
T T A
where ¢% = | |I§|"| is independent of K and o
5
LET
Solve the linear system :
Iy = Fko+ Y. Foe=¢80 Y Fo VoeE&(K).
‘ ec&(Dy) ce&(K)
eCK

FK,0'4




Non-conforming local refinement

Admissible refined meshes :

e start from a regular triangulation
e recursive application of a refinement pattern to some cells
e maximum difference of refinement levels of adjacent cells: 1

Hanging Faces :

E=ERUEFUEC c&
o€ €y 7 K

&R : regular faces
&y : hanging faces ceéc

Ec : child faces




Non-conforming local refinement

Rannacher-Turek element adapted to locally refined meshes :

Vi, = {U C LZ(Q); 7)|K S @1(1(), VK € M and /[U] =0, Vo € SRUSC} .
o

Basis functions : Vi, = span{gog ; 0€ ERU 8(;}

va” —~=

RT

Pe
“ NN
piecewise definition of ¢, piecewise definition of ¢,

Practical Implementation :

1 d . .
(Tan()oi = 7 & o X Yotor; wlgoe?): Ve d
j=1




Non-conforming local refinement

Dual fluxes for locally refined meshes :

Find a solution to the system :

Vo e E(K), Fxoet+ Y. Fe=¢% Y Fko
ec&(Dy) ce&(K)
eCK




Non-conforming local refinement

Properties of the scheme :

e Gradient-divergence duality :

KeM ce&

e Positivity/coercivity of the diffusion term (Rannacher-Turek FE) :

2
Z ’DU‘ (Tdiff(v))a " O = HvHLh/ forall v € V,f.
ce&

e LBB (inf-sup) condition (via a Fortin interpolation operator) :

/ pdivy,u

inf sup = B.
pEQn uevd HPHL2 HuHm

e Discrete kinetic energy balance :

1 1
Z_(St (pU ’uU‘Z _P; ‘umz) + 2’D0" Z FO',G Ug - Uy — (Tdiff(u))a‘ua+ (VP)U‘ua < 0.

GZDU' |D0,/




Pressure correction scheme

1 1
Knowing p*, u*, p* and p** s.t. E(p} —p¥) + X Y F¢, VK e M,
ce&

0-Preparation step — Compute (05" )ree,.,» (05)oce,, @aNd (Frex)oee,,, Such that:

Y Fr.=0,

ec&(Dy)

1 * *k 1
51 Pr — 0 )+ 15

1-Prediction step — Find (7, ),c¢, , Such that:

1 S 1 * =~ ~ *
5t (pau(f — Po ua) + D Z Fa,eue =+ (Tdiff(u))(f + (_Pg ) (VP)U =0,

2-Correction step — Find (u,),c¢,, and (px)xem such that:

1 * ~ > 2 *

S (e =) + (Voo = (£2) (wp); =0,
Po

ok —p)+ 1 Y Fio =0

< WK 7 MK T Ko — Y,

ot ‘K‘ ce€&(K)

S 511‘1’(/

K e M.




Numerical applications (1/2)

A low Mach number model for buoyant flows :

dt(ocp?) +div(pc,du) — div(AVE) =0,
Py, (t) = pR,

dtp + div(pu) = 0,

dt(pu) + div(pu @ u) — div(t(u)) + Vp = pg.

The evolution of P, with time must be given by and additional relation: the conservation of the
total mass in the domain:

td—
/Qp(x X

Py, (0)
R

dx = | QY| po, with pg =

19

The velocity is set to zero on the boundary and the border
is heated according to: d¢(x) = 2718, + 318, ¢, = (1+
8) 19(), l9c = (1 — 8)190.




Numerical applications (1/2)

A low Mach number model for buoyant flows :

dt(ocp?) +div(pc,du) — div(AVE) =0,
Pth(t> = pRﬂ,

dtp + div(pu) = 0,

dt(pu) + div(pu @ u) — div(t(u)) + Vp = pg.

The evolution of P, with time must be given by and additional relation: the conservation of the
total mass in the domain:

_ _ o Py(0)
/Qp(x t)dx = 19 dx = | Q)] po, with pg = RB,
/é e = \)\\ ..........




Numerical applications (1/2)

A low Mach number model for buoyant flows :

Dimensional analysis = the flow is governed by the Prandtl and the Rayleigh numbers :

C
Pr = H, Ra

:P% Cpg(ﬁh - ﬁc) L3
1 .

]/l)\l90

S. Xin and P. Le Queéreé (Physics of Fluids, 2001), provide a stability analysis that shows that
the flow reaches a steady state up to a critical value of the Rayleigh number approximately

equal to Ra =2.110°. Beyond this value, the flow remains time-dependent.

- bl o]l
UUV V % MU U\jv UVU

Ra = 210° Ra = 2.210°




Numerical applications (2/2)

A stationary incompressible flow (Kovasznay flow ) :

1— M cos(2my) -
e P P T L e e L
L sin(27ty)

where u stands for the viscosity of the flow, taken here as y = 1/40 is an analytic solution of
the incompressible Navier-Stokes equations.

[T]
[
\




Numerical applications (2/2)

A stationary incompressible flow (Kovasznay flow ) :

1— M cos(27y)

u — )\ , P:

N Ax
27T

(1_62)\3(?), A= __(__|_47_(2)1/2,
e’ sin(27y)

N[

where u stands for the viscosity of the flow, taken here as u = 1/40 is an analytic solution of
the incompressible Navier-Stokes equations.

n ||u — Uexact ||L2(Q)d H p— PexactHLz(Q)

20 0.0384 0.0334

40 0.00825 0.0158 Second order convergence for u.
80 0.00211 0.00782
160 0.000544 0.00390

n ||u — Uexact ||L2(Q)d H p— PexactHLZ(Q)

20 0.0617 0.0406

40 0.0119 0.0179 Second order convergence for u.
80 0.00281 0.0087
160 0.000718 0.0043




Pressure correction scheme

1 1
Knowing p*, u*, p* and p** s.t. E(p} —p¥) + X Y F¢, VK e M,
ce&

0-Preparation step — Compute (05" )ree,.,» (05)oce,, @and (F7¢)oee,, such that:

Y Fr.=0,

ec&(Dy)

1 * *k 1
51 Pr — 0 )+ 15

1-Prediction step — Find (7, ),c¢, , Such that:

1 *k K 1
| Do

1
*\ 2
i 05T = pu) + o X B+ (Taa@)o+ (55 (9p); =0,

ec&(Dy)

2-Correction step — Find (u,),c¢,, and (px)xem such that:

1 * ~ > 2 *
oo o =) + (Vp)s = (£2) " (vp =0,
Po

1 1
—(ox — k) + == Y. Fxe =0,
ot ‘K‘ ce&(K)

S 511‘1’(/

K e M.




Error analysis : convection-diffusion equation

Let w € C'(Q)“ such that w|yn = 0, divw = 0 and let f € L?(Q)).
Strong form of the convection-diffusion equation :

u—+div(uw) — Au = f, on (),
u=20, on 0Q).

Weak formulation of the convection-diffusion equation :

Let us define : a(u,v) = /Q Vu-Vo, u,v € Hj(Q),

b(w, u,v) = / div(uw)o, u,0 € HY(Q).
Q

A weak solution is a function u € H}(Q) such that:

(u,v) + b(w,u,v) +a(u,v) = (f,v), Yo € Hj(Q).

Lax-Milgram theorem — there exists a unique weak solution.




Error analysis : convection-diffusion equation

The staggered scheme for the convection-diffusion equation :

o Let Fr,(w) = / w - ng » dy and compute the dual fluxes F, - (w) so that (H1) holds.
(0




Error analysis : convection-diffusion equation

The staggered scheme for the convection-diffusion equation :

o Let Fr,(w) = / w - ng » dy and compute the dual fluxes F, - (w) so that (H1) holds.
(0

e The staggered scheme reads:

1
m Z Fae / ZI/{U/V(PUI Vor = fo.

ec€(Dy) Ke/\/l Kgrce

Us +




Error analysis : convection-diffusion equation

The staggered scheme for the convection-diffusion equation :

o Let Fr,(w) = / w - ng » dy and compute the dual fluxes F, - (w) so that (H1) holds.
(0

e The staggered scheme reads:

1
Ug + 75— Z Fae /ZuU’V(PU’ Voo = fo.

| Do | ec&(Dy) Ke/\/l Koreg

e Multiplying by v, and summing over ¢ € &int, the scheme is equivalent to:
Find u;, € Vj, such that :

(up, )y + by (w, uy,v) + a,(uy,v) = (f,0), forallv € vV,

(w,9)p = Y |Dolugvs,

UEE

where V(M,U) eV, xVy, w u, Z) (76250‘7666%) )Fffe Me,

ap(u,v) = /Q Vuu-Vyo.




Error analysis : convection-diffusion equation

Regularity of the mesh :

03

T = 3\1,3

We assume convex control volumes K.

hix = size(K)
rx = radius of the biggest ball included in K

g = maX(OC1,3, 0(2,4>

h = max{hg, K € M}

ap, = max{ag, K € M}

Gh:max{h—K, KEM}

rk




Error analysis : convection-diffusion equation

Reminder : Stokes problem :

u=20, o).

Theorem : Let6y > 0 and let M be a non-refined mesh of the computational domain ) such
that 0, < 6y. Let (uy, pi) € Vi, x Qy, be the Rannacher-Turek approximation of the Stokes. We

assume that the solution (p,u) of the Stokes problem belongs to H' (Q)) x H}(Q)? N H2(Q)“.
Then the discrete solution (py,, u;,) satisfies:

lpn = plhzq) + ln —ully, < C(h+ay),
where C only depends on p, u, (2 and 6.

Question : For the convection-diffusion equation, do we have the same accuracy of the
staggered scheme on locally non-conforming refined meshes and knowing the particular
discretization of the convection term ?




Error analysis : convection-diffusion equation

u—+div(uw) — Au = f, on Q,
u=20, on dQ).

Theorem (Jean-Claude Latché, Bruno Piar, K.S.) : Let 60y > 0 and let M be a locally
refined mesh of the computational domain () such that 6, < 6y. Letu;,, € V), be the solution to
the staggered scheme. We assume that the solution u of the continuous convection-diffusion
problem belongs to H}(QY) NH?(QY). Then uy, satisfies:

[up —ully, < C(h+ap) [[ullpzq),

where C only depends on w, () and 6.

Remark : Thanks to the gradient-divergence duality and the inf-sup stability properties, a
similar result can be proved for the Oseen model:

u+diviweu) —Au+Vp=Ff, Q
divu =0, Q,
u=20, o).




Error analysis : convection-diffusion equation

Sketch of the proof :

e By the triangle inequality : ||uj, — u||;, < |luy — rpully ), + [[rau — u||; , where 7y, is the
following interpolation operator:

Ty - H%(Q) — V)

v —  ro(x) =) |o]” 1(/vd'y>

oce&

e Approximation property of r;, (Rannacher-Turek extended to refined meshes) :

Yo € H{(Q) NH?(Q), VK € M,
[0 = rnolli2ky + Ik |V (0 = 10) [l 1200 < Coh(hk + ak) [0]p2 (k)

Hence:

Nl—

= ully = (KZM IV (= ran) |20 ) * < Calh+ ) lulyag
€




Error analysis : convection-diffusion equation

Sketch of the proof :
e Dual formulation of the norm :
Ap(up — rpu,v)

Huh - rh”“l,h < sup H
UGVh UHh

where Ay, (u,v) := (u,v);, + by (w, u,v) + a,(u,v).




Error analysis : convection-diffusion equation

Sketch of the proof :
e Dual formulation of the norm :
Ap(up — rpu,v)

[ = rnully, < sup
vev; o1l

where Ay, (u,v) := (u,v);, + by (w, u,v) + a,(u,v).

e As uy is the numerical solution, one has Ay (uy,v) = (f,v).




Error analysis : convection-diffusion equation

Sketch of the proof :
e Dual formulation of the norm :

Ay (uy, —ryu,v
ity — ryaaly < sup U= Thit )
oV, 2]},

where Ay, (u,v) := (u,v);, + by (w, u,v) + a,(u,v).
e As uy is the numerical solution, one has Ay (uy,v) = (f,v).

e The exact solution u of the convection-diffusion is assumed to be in H2(Q)), hence, the
equation is satisfied in the strong sense in L2(Q)):

(u,0) + (div(uw),v) — (Au,v) = (f,v), Vo € L2(Q))

= Ay (up,v) = (u,0) + (div(uw),v) — (Au,v), VYo e V.




Error analysis : convection-diffusion equation

Sketch of the proof :

e Dual formulation of the norm :
Ay (uy, — rpu,v)

Huh - rh””l,h < sup H
UGVh UHh

where Ay, (u,v) := (u,v);, + by (w, u,v) + a,(u,v).
e As uy is the numerical solution, one has Ay (uy,v) = (f,v).

e The exact solution u of the convection-diffusion is assumed to be in H2(Q)), hence, the
equation is satisfied in the strong sense in L2(Q)):

(u,0) + (div(uw),v) — (Au,v) = (f,v), Vo € L2(Q))

—  Ay(up,v) = (u,0) + (div(uw),v) — (Au,v), VYo e V.

e The error decomposes in three terms :

Ap(uy, —rpu,0) = (u,0) — (ru,0), + (div(uw), v) — by (w, rpu,v) + (—Au,v) — ay,(ryu,0).

o \ - -
~"

~" ~"

reaction error convection error diffusion error




Error analysis : convection-diffusion equation

Sketch of the proof :

Convection error: |(div(uw),v) — by, (w, rju,v)| with

bp(w,u,0) =Y vy Y Fre(w

cef  ec&(Dy)




Error analysis : convection-diffusion equation

Sketch of the proof :

Convection error: |(div(uw),v) — by, (w, rju,v)| with

bp(w,u,0) =Y vy Y Fre(w
vel  ec€(Dy)

e The expressions of the dual fluxes F, ¢ (w) w.r.t w is complicated, contrary to the

expressions of F ,(w /w ngedy (= |0 pots 1k ).




Error analysis : convection-diffusion equation

Sketch of the proof :

Convection error: |(div(uw),v) — by, (w, rju,v)| with
bp(w,u,v) =Y vy Y.  Fre(w)ue
cef  ec&(Dy)
e The expressions of the dual fluxes F, ¢ (w) w.r.t w is complicated, contrary to the

expressions of F ,(w /w ng o4y

e Inthe analysis, replace the implemented convection term by a simpler convection
term on the primal mesh:
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Error analysis : convection-diffusion equation

Sketch of the proof :

Convection error: |(div(uw),v) — by, (w, rju,v)| with
bp(w,u,v) =Y vy Y.  Fre(w)ue
cef  ec&(Dy)
e The expressions of the dual fluxes F, ¢ (w) w.r.t w is complicated, contrary to the

expressions of F ,(w /w ng o4y

e Inthe analysis, replace the implemented convection term by a simpler convection
term on the primal mesh:

by (w,u,v) = Y vk Y Fxe(w) ug, withog = ) &% oo,

KeM  ¢ge&(K) ce&(K)
and prove the first-order bound

B (w, 1,0) — by (w,1,0)| < Ch[wllywqallull ol Vu,0 € Vi

e Prove ~
|(div(uw),v) — by (w, ryu,v)| < Ch.




Error analysis : convection-diffusion equation

Sketch of the proof :
Diffusion error: |(—Au,v) — ay(rju, v)|.

Two main ingredients:
e The approximation property of the Fortin operator for refined meshes:

Yo € H{(Q) NH?(Q), VK € M,

o =m0l + ik IV (0 = 700) 200 < Ca hiic + k) [o] -

e A bound on the interface jumps of the velocity:

/Z[U]Z 0y U

)3

XelrU€Y

<CHlloly gy Yo € Viu € HY(Q).




A convergence result

Incompressible variable density Navier-Stokes equations

d¢(pcp®) + div(pc,du) = 0,

p=7(9),

d:p + div(pu) =0,

dt(pu) + div(pu @ u) — div(t(u)) + Vp = pg.




A convergence result

Incompressible variable density Navier-Stokes equations

ot (ocp®) + div(pcydu) =0,

p=70),

dtp + div(pu) =0,

dt(pu) + div(pu @ u) —div(t(u)) + Vp =0.

This model is equivalent to :

divu = 0,
dto + div(pu) =0,
dt(pu) +div(pu @ u) — Au+ Vp = 0.

On a bounded domain (0, T) x Q), we prove the convergence of the staggered scheme
towards the weak solutions of this model, with:

u‘aQ =0, u|t:0 — U P|t:0 = 00 2 Pmin > 0.




A convergence result

The scheme:

(div u)g = 0, Ke M,

1 N 1

E(PK_PK)—i_m Y, Fxe=0, KeM,

ce&(K)
1
E (,O(Tu(f - P;u;) + ’ ’ Z Fg’leue - (Au)g' + (Vp)g' == O, o & 5int.
7l ec&(Dy)
with:
) 1
(div u)g = m Z 0| Uy - ng o
ce&(K)

Fxo = |o| por to" -1xo, por : upwind approximation of p on o.

centered approximation for ue,

—(Au), discretized by the usual Rannacher-Turek expansion.




A convergence result

For a given mesh:
1 - A priori estimates.
2 - Existence of a solution.

For a sequence of meshes and time steps (M ™), 5t0m))

(m) n
o\ (x, t) Ok
(m) Z Z " XK(x) X(n—l,n](t)
pU(x ) n=1 gemim [Pk
Z Z u XDO’ (n— 1,n](t)'
n=1 geglm)

3 - Compactness: (up to the extraction of a subsequence) strong convergence of u(™)
c.f. the talk of T. Gallouét) and weak convergence of p(").

4 - Passage to the limit in the divergence-free constraint.

5 - Passage to the limit in the mass balance equation.

6 - Strong convergence of p.

7 - Passage to the limit in the momentum balance equation.

Theorem (Jean-Claude Latché, K.S.): Up to the extraction of a subsequence, the scheme
converges (in strong norms) to a weak solution of the problem.




Perspectives

e Ongoig work : local refinement for Euler equations (avoid spurious oscillations at the
refinement boundary).

e Improvement of numerical schemes: explicit MUSCL for Euler, implicit MUSCL for
scalar transport and Euler (defect correction techniques), assessing the use of local
refinement techniques for vanishing-diffusion flows.

e Run the code on massively parallel machines (Maison de la Simulation (Saclay) ?).

e Toward the generalization of LES approaches, on structured schemes + immersed
boundary method.

P —
~——

boundary and mesh

e New field of application: explosion (H,, natural gas, dust).
e solvers for reactive compressible flows,

e and for the so-called G-equation (transport of a quantity by a velocity field
colinear with its gradient).




Thank you !
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