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steady-state case

steady-state 1D convection-diffusion equation (Ω “s0, 1r)

pvφq1 ´ pκφ1q1 “ f, in Ω

boundary conditions (x̄ is a boundary point):

Dirichlet: φpx̄q “ φDpx̄q

Neumann: vpx̄qφpx̄q ´ κpx̄qφ1px̄q “ φTpx̄q

unknown φ : r0, 1s Ñ R

data (regular)

diffusion coefficient κ : r0, 1s Ñ R`

convection coefficient (=velocity) v : r0, 1s Ñ R

source f : r0, 1s Ñ R

boundary functions: φD, φT, φP
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, xi` 1

2
— boundary points of cell i

hi — length of cell i
xi — centroid of cell i



fvm

FV formulation

1

hi

´
Fi` 1

2
´ Fi´ 1

2

¯
´ f̄i “ 0, i “ 1, . . . , I

Fi˘ 1
2
“ vpxi˘ 1

2
qφpxi˘ 1

2
q ´ κpxi˘ 1

2
qφ1pxi˘ 1

2
q, f̄i “

1
hi

ş
Ki
fpξq dξ

goal — to compute an approximation to the mean value of φ in

each cell of the mesh: φi « 1
hi

ş
Ki
φ dx

the approximation to the mean value of f over cell Ki,

fi «
1
hi

ş
Ki
f dx, will be computed by gaussian quadrature

the way that the numerical diffusive and convective fluxes are

computed characterize the FVM scheme

how to approximate numerically the fluxes with very-high

precision Fi˘ 1
2
« Fi˘ 1

2
: polynomial reconstructions
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polynomial reconstructions

conservative reconstruction: where there is an information

cells:

1

hi

ż

Ki

pφi dx “ φi, i “ 1 . . . , I

Dirichlet outer interface(s):

pφ 1
2
p0q “ φDp0q pφI` 1

2
p1q “ φDp1q

non-conservative reconstruction: where there is no information

inner interfaces:

rφi` 1
2
, i “ 1 . . . , I ´ 1



reconstructions for cells

Ki−2 Ki−1 Ki Ki+1 Ki+2
Ŝi(4)

polynomials

pφipx; dq “ φi `
dÿ

α“1

pRi,α

„
px´ xiq

α ´
1

hi

ż

Ki

px´ ciq
α



coefficients (determined by the stencils pSi): arguments which
minimize the functional

pEipRiq “
ÿ

jPpSi

ωi,j

«
1

hj

ż

Kj

pφipx; dqdx´ φj

ff2



reconstructions for Dirichlet outer
interface(s)

x 1
2

K1 K2 K3 K4

S̃1
2
(4)

polynomial

pφ 1
2
px; dq “ φDpx 1

2
q `

dÿ

α“1

pR 1
2
,αpx´ x 1

2
qα

coefficients (determined by the stencil pS 1
2
): arguments which

minimize the functional

pE 1
2
pR 1

2
q “

ÿ

jPS 1
2

ω 1
2
,j

«
1

hj

ż

Kj

pφ 1
2
px; dq dx´ φj

ff2

(we proceed in the same way for polynomial pφI` 1
2
)



reconstructions for inner interfaces

Ki´1 Ki

xi` 1
2

Ki`1 Ki`2

rSi`1
2
p4q

polynomials

rφi` 1
2
px; dq “

dÿ

α“0

rRi` 1
2
,αpx´ xi` 1

2
qα

coefficients (determined by the stencil rSi` 1
2
): arguments which

minimize the functional

rEi` 1
2
pRi` 1

2
q “

ÿ

jPS
i` 1

2

ωi` 1
2
,j

«
1

hj

ż

Kj

rφi` 1
2
px; dq dx´ φj

ff2



numerical fluxes

Fi˘ 1
2
« Fi˘ 1

2
“ vpxi˘ 1

2
qφpxi˘ 1

2
q ´ κpxi˘ 1

2
qφ1pxi˘ 1

2
q, i “ 0 . . . , I

left boundary interface (i “ 0, D)

F 1
2
pΦq “ rvp0qs`φDp0q ` rvp0qs

´pφ1p0; dq ´ κp0qpφ11
2

p0; dq

left boundary interface (i “ 0, N)

F 1
2
pΦq “ φTp0q

inner interfaces (i “ 1, . . . , I ´ 1)

Fi` 1
2
pΦq “ rvpxi` 1

2
qs`pφipxi` 1

2
; dq ` rvpxi` 1

2
qs´pφi`1pxi` 1

2
; dq

´ κpxi` 1
2
qrφ1
i` 1

2

pxi` 1
2
; dq

right boundary interface (i “ I): similar to i “ 0



residual form

based on the linearity of the polynomial reconstructions, the

definition of the numerical fluxes, and the finite volume

formulation, we obtain an affine operator such that for any

Φ P RI , we associate GpΦq P RI given component-wise by

GipΦq “
1

hi

´
Fi` 1

2
pΦq ´ Fi´ 1

2
pΦq

¯
´ fi

the numerical solution is given by vector Φ: “ pφ:i qi“1,...,I which

is the solution of the linear problem

GpΦ:q “ 0I



time-dependent case

time-dependent 1D convection-diffusion equation (Ω “s0, 1r,

tf P R
`)

Btφ` Bxpvφq ´ BxpκBxφq “ f, in Ωˆs0, tfr

boundary conditions (x̄ is a boundary point):
Dirichlet: φpx̄, tq “ φDpx̄, tq

Neumann: vpx̄, tqφpx̄, tq ´ κpx̄, tqBxφpx̄, tq “ φTpx̄, tq

initial condition: φpx, 0q “ φ0pxq in Ω̄

unknown φ : r0, 1s ˆ r0, tfs Ñ R

data (regular)
diffusion coefficient κ : r0, 1s ˆ r0, tfs Ñ R`

convection coefficient (=velocity) v : r0, 1s ˆ r0, tfs Ñ R

source f : r0, 1s ˆ r0, tfs Ñ R

boundary conditions φDpx, tq : t0, 1u ˆ r0, tfs Ñ R

initial condition φ0 : r0, 1s Ñ R
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MOL — space discretization

dφ̄i
dt
ptq `

1

hi

´
Fi` 1

2
ptq ´ Fi´ 1

2
ptq

¯
´ f̄iptq “ 0, t Ps0, tfs

φ̄iptq “
1

hi

ż

Ki

φpξ, tq dξ

Fi˘ 1
2
ptq “ vpxi˘ 1

2
, tqφpxi˘ 1

2
, tq ´ κpxi˘ 1

2
, tqBxφpxi˘ 1

2
, tq

f̄iptq “
1

hi

ż

Ki

fpξ, tq dξ

dφi
dt
ptq `

1

hi

´
Fi` 1

2
ptq ´ Fi´ 1

2
ptq

¯
´ fiptqloooooooooooooooooooomoooooooooooooooooooon

Gipt,Φptqq

“ 0, t P p0, tfs, i “ 1, . . . , I

Φptq “ pφiptqqi“1,...,I

Fi` 1
2
ptq “ . . . , i “ 0, . . . , I

fiptq is a gaussian quadrature approximation in space of f̄iptq



MOL — space discretization

the time parameterized function

Φ:ptq “ pφ:i ptqqi“1,...,I

is the solution of the differential system

dφi
dt
ptq ` Gipt,Φptqq “ 0, i “ 1, . . . , I

where

Gipt,Φptqq “
1

hi

´
Fi` 1

2
pt,Φptqq ´ Fi´ 1

2
pt,Φptqq

¯
´ fiptq

with the initial conditions

φ:i p0q “ φ̄0
i ”

1

hi

ż

Ki

φ0pξq dξ



time discretization

ptnqn“0,...,N time discretisation of r0, tf ” tN s, with

tn`1 “ tn ` δn`
1
2

goal — to compute an approximation to the mean value of φ in

each cell of the mesh at each time tn (represented by φni ), i.e.,

φni «
1

hi

ż

Ki

φpx, tnqdx, i “ 1, . . . , I, n “ 0, . . . , N

Φn — the vector of unknowns at time tn, i.e.,

Φn “ pφn1 , . . . , φ
n
I q
T P RI



Runge-Kutta methods

Butcher Tableau for an s-stage
Runge-Kutta method

c1 a11 ¨ ¨ ¨ a1s
...

...
. . .

...
cs as1 ¨ ¨ ¨ ass

b1 ¨ ¨ ¨ bs

tn,k “ tn `∆tck

Φn,k ´ Φn `∆t
sÿ

`“1

ak`Gptn,`,Φn,`q “ 0I , k “ 1, . . . , s

Φn`1 “ Φn ´∆t
sÿ

k“1

bkGptn,k,Φn,kq



(classical) RK3

Butcher Tableau for the
classical 3-stage RK3 method

0 0 0 0
1
2

1
2 0 0

1 ´1 2 0
1
6

2
3

1
6

D+D I t2 xpx´ 1qt2 coshpxq expp´tq
err ord err ord err ord

with Butcher Tableau
P5p6q

∆t “ 1
3h

2

10 1.8E´06 — 8.1E´09 — 1.1E´06 —
20 1.1E´07 4.0 1.3E´10 6.0 6.8E´08 4.0
30 2.2E´08 4.0 1.1E´11 6.0 1.3E´08 4.0



(classical) RK3

κ “ 1, v “ 0, φpx, tq “ t2,D+D

Φ0 “ p0, . . . , 0qT

Φ0,1 “ p0, . . . , 0qT

Φ0,2 “ p0, . . . , 0qT

Φ0,3 “

ˆ
2∆t2 `

∆t3

h2
, 2∆t2, . . . , 2∆t2, 2∆t2 `

∆t3

h2

˙T

Φ1 “ ∆t2 p1, 1, 1, . . . , 1, 1, 1qT `

ˆ
´

∆t4

2h4
,
∆t4

6h4
, 0, . . . , 0,

∆t4

6h4
,´

∆t4

2h4

˙T



Extended Butcher Tableau (D+D)

to overcome the incompatibility problem, we shall consider a
relaxation of the discretization considering now that the time
discretizations for the source term and for the Dirichlet
condition can be different
let

Φn,k
D “

ˆ
φDpxL, t

n,kq

φDpxR, t
n,kq

˙

we re-qualify the residual operator setting

Gn,k “ Gptn,k,Φn,k, Fn,k,Φn,k
D‹ q, Φn,k

D‹ “

sÿ

`“1

pk,`Φ
n,`
D , k “ 1, . . . , s

Principle: The time discretizations of the source term and the
Dirichlet condition are compatible up to degree d if the scheme
exactly solves the solutions tm, m “ 0, . . . , d, constant in space



Extended Butcher Tableau (D+D)

to overcome the incompatibility problem, we shall consider a
relaxation of the discretization considering now that the time
discretizations for the source term and for the Dirichlet
condition can be different
let

Φn,k
D “

ˆ
φDpxL, t

n,kq

φDpxR, t
n,kq

˙

we re-qualify the residual operator setting

Gn,k “ Gptn,k,Φn,k, Fn,k,Φn,k
D‹ q, Φn,k

D‹ “

sÿ

`“1

pk,`Φ
n,`
D , k “ 1, . . . , s

Principle: The time discretizations of the source term and the
Dirichlet condition are compatible up to degree d if the scheme
exactly solves the solutions tm, m “ 0, . . . , d, constant in space



Extended Butcher Tableau (D+D)

to overcome the incompatibility problem, we shall consider a
relaxation of the discretization considering now that the time
discretizations for the source term and for the Dirichlet
condition can be different
let

Φn,k
D “

ˆ
φDpxL, t

n,kq

φDpxR, t
n,kq

˙

we re-qualify the residual operator setting

Gn,k “ Gptn,k,Φn,k, Fn,k,Φn,k
D‹ q, Φn,k

D‹ “

sÿ

`“1

pk,`Φ
n,`
D , k “ 1, . . . , s

Principle: The time discretizations of the source term and the
Dirichlet condition are compatible up to degree d if the scheme
exactly solves the solutions tm, m “ 0, . . . , d, constant in space



Extended Butcher Tableau (D+D)

to overcome the incompatibility problem, we shall consider a
relaxation of the discretization considering now that the time
discretizations for the source term and for the Dirichlet
condition can be different
let

Φn,k
D “

ˆ
φDpxL, t

n,kq

φDpxR, t
n,kq

˙

we re-qualify the residual operator setting

Gn,k “ Gptn,k,Φn,k, Fn,k,Φn,k
D‹ q, Φn,k

D‹ “

sÿ

`“1

pk,`Φ
n,`
D , k “ 1, . . . , s

Principle: The time discretizations of the source term and the
Dirichlet condition are compatible up to degree d if the scheme
exactly solves the solutions tm, m “ 0, . . . , d, constant in space



Extended Butcher Tableau (D+D)

application of the Principle with κ “ 1, v “ 0

QdpT “ pQdaT ` Ed`1,s
1 Φn,k

D‹ “
sÿ

`“1

pk,`Φ
n,`
D

Qd “

¨
˚̊
˚̋

pc1q0 ¨ ¨ ¨ pcsq0

pc1q1 ¨ ¨ ¨ pcsq1

...
. . .

...
pc1qd ¨ ¨ ¨ pcsqd

˛
‹‹‹‚

loooooooooooooooomoooooooooooooooon
pd`1qˆs

pQd “

¨
˚̊
˚̋

0 . . . 0
1pc1q0 ¨ ¨ ¨ 1pcsq0

...
. . .

...
dpc1qd´1 ¨ ¨ ¨ dpcsqd´1

˛
‹‹‹‚

looooooooooooooooooooomooooooooooooooooooooon
pd`1qˆs

Ed`1,s
1 “

¨
˚̊
˚̋

1
0
...
0

˛
‹‹‹‚

looomooon
pd`1qˆ1

for the classical RK3, all coefficients c` are different

for the classical RK3, s “ d` 1, that is, the Vandermonde

matrix Qd is square and invertible, which implies the existence

and uniqueness of matrix p



(modified) RK3

Extended Butcher Tableau for
the classical 3-stage RK3
method

0 0 0 0 1 0 0
1
2

1
2 0 0 ´1

2 2 ´1
2

1 ´1 2 0 2 ´4 3
1
6

2
3

1
6

D+D I t2 xpx´ 1qt2 coshpxq expp´tq
err ord err ord err ord

with Butcher Tableau
P5p6q

∆t “ 1
3h

2

10 1.8E´06 — 8.1E´09 — 1.1E´06 —
20 1.1E´07 4.0 1.3E´10 6.0 6.8E´08 4.0
30 2.2E´08 4.0 1.1E´11 6.0 1.3E´08 4.0

with Extended Butcher Tableau
P5p6q

∆t “ 1
3h

2

10 4.2E´17 — 8.1E´09 — 7.3E´08 NA
20 1.0E´16 — 1.3E´10 6.0 1.3E´09 5.9
30 2.2E´16 — 1.1E´11 6.0 1.1E´10 5.9
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developed in the previous section because matrix Q4 is singular
to overcome the problem, we introduce a new vector
z “ pz1, z2, z3, z4q

T and new time stages τn,k “ tn ` zk∆t,
k “ 1, . . . , s
we choose z “ p0, 1

2 ,
3
4 , 1q

for the classical RK4, s “ d` 1, that is, the Vandermonde
matrix Qd is square and now, with the new vector z, is also
invertible, which implies the existence and uniqueness of
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RK4

D+D, κ “ 1, v “ 0, φpx, tq “ coshpxq expp´tq

I BT EBT

E8 O8 E8 O8

10 2.8E´06 — 3.5E´09 —
P7p8q 20 1.6E´07 4.1 5.2E´11 6.1

∆t “ 1
3h

2 40 1.0E´08 4.0 8.2E´13 6.0
80 6.4E´10 4.0 1.1E´14 6.3



ESDIRK4

if ai,j “ 0 for i ă j and a1,1 “ 0 with all diagonal entries equal,
we have an explicit singly diagonally implicit Runge-Kutta —
ESDIRK
if s ą d` 1 corresponds to an under-determined linear system
associated to a maximal rank matrix Qd — one has to develop a
strategy to determine a unique matrix p. We here propose two
ways to determine matrix p namely:

LS-way: find p in the Least Square sense
AC-way: Augment the number of Constraints adding polynomial
functions td`1, . . ., ts´1 such that we get a invertible
Vandermonde square matrix Qs´1

0 0 0 0 0 0 0 1 ´ 738
2093

´ 193
9366

´ 151
1016

´ 490
1663

0
1
2

1
4

1
4

0 0 0 0 0 0 0 0 0 0
83
250

8611
62500

´ 1743
31250

1
4

0 0 0 0 895
618

1654
1551

501
1046

1703
2211

0
31
50

5012029
34652500

´ 654441
2922500

174375
388108

1
4

0 0 0 ´ 455
1506

´ 319
5103

922
1679

´ 805
4378

0
17
20

15267082809
155376265600

´ 71443401
120774400

730878875
902184768

2285395
8070912

1
4

0 0 0 0 0 0 0
1 82889

524892
0 15625

83664
69875
102672

´ 2260
8211

1
4

0 165
799

303
18133

400
3319

573
809

1
82889
524892

0 15625
83664

69875
102672

´ 2260
8211

1
4
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ESDIRK4

D+D, κ “ 1, v “ 0, φpx, tq “ coshpxq expp´tq

I BT EBT (LS-way) EBT (AC-way)

E8 O8 E8 O8 E8 O8

20 1.3E´04 — 2.0E´05 — 2.2E´05 —
P3p4q 40 1.1E´05 3.6 1.1E´06 4.2 1.1E´06 4.3

∆t “ 10h 80 1.2E´06 3.2 6.6E´08 4.0 6.7E´08 4.1
160 1.3E´07 3.1 4.2E´09 4.0 4.0E´09 4.1

10 4.3E´08 — 3.6E´08 — 3.5E´08 —
P5p6q 20 1.1E´09 5.4 6.0E´10 5.9 5.9E´10 5.9

∆t “ h1.5 40 3.4E´11 4.9 9.8E´12 5.9 9.7E´12 5.9
80 1.4E´12 4.6 2.0E´13 5.6 2.0E´13 5.6



Neumann boundary conditions

the principle proposed in the Dirichlet case can not be here

applied since a constant in space function gives rise to

homogeneous Neumann conditions

therefore, we introduce a slightly different generic principle to

derive the two discretizations:

Principle: The time discretizations of the source term and the

Neumann conditions are compatible up to degree d if the scheme

exactly solves the solutions xtm, m “ 0, . . . , d, linear in space

it can be deduced that we can use the same time discretization

both for the Dirichlet and the Neumann conditions

characterized by the same Extended Butcher Tableau.



Neumann boundary conditions + RK3

N+N, κ “ 1, v “ 0, φpx, tq “ coshpxq expp´tq

I BT EBT

E8 O8 E8 O8

10 7.1E´09 — 3.5E´10 —
P7p8q 14 1.3E´09 5.0 3.1E´11 7.2

∆t “ 1
3h

2 17 5.1E´10 5.0 8.1E´12 6.9
20 2.3E´10 5.0 2.9E´12 6.3



final remarks

we have presented a finite volume method which provides very

high-order approximations for regular time-dependent case

convection-diffusion problem in 1D both with Dirichlet and

Neumann boundary conditions

we are working in the generalization in order to consider

multi-step methods, namely methods like Adams-Bashforth and

Adams-Moulton

the same orders of convergence were already obtained for the 2D

and 3D steady-state convection-diffusion problems, so we want

to test the developed methodology for the 2D and 3D

time-dependent convection-diffusion problems
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