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Motivations

e Why a second-order scheme?
© Quite simple and easy to code
© Easy dissemination in a broaden scientific community
© Many practical problems do not require complex and accurate methods
© High-order methods can be very time and memory consuming
e Why a cell-vertex method?
© More degrees of freedom
© Simple reconstruction of the gradient
© Simple integration formulas on cells
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Cell-Vertex Reconstruction

Notations

e ¢;and |¢], i=1,...,I —cell and its area

e ¢;; and |e;;| — edge between ¢; and ¢;,
and its length

® ¢; = (qiz, ¢iy) — reference point of ¢;

== Any point, not necessary the centroid

or the mass centre!

® v, = (Ung,Uny), n=1,..., N — vertices

e Stencil:

p(n) = {indicies of the cells which share v,,}
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o ¢ = ¢(x,y) — regular function in Q (domain)

e Approximations on cells (given, at this stage):
¢i ~ d(a:)
® = (¢i)i=1,...1

e Approximations on vertices:
VYn = ¢(vn)
v = (wn)nzl,...,N

5 Goal:

[Cell () — Vertex (1) |
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. qiUn,

Yo=Y Buiti | with Bn=———"—
icu(n) qiUn

i€pu(n)

R» Rauch et al.’'s method (1991): extended Frink's method
Coefficients = Minimization Functional + Affine Constraints
Re Chandrashekar et al.'s method (2013): extended Rauch et al.'s method

Coefficients = Minimization Functional 4+ Affine Constraints + Weights
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ne Coudiére et al.'s method (1999): affine reconstrution

[d)n = AUng +bvnz +CJ

Coefficients = Minimization Functional + Affine Constraints

© No control of the coefficient of each cell

® Does not guarantee the preservation of the positivity principle

R Bertolazzi et al.'s (2004): extended Coudiére et al.'s method

Coefficients = Minimization Functional + Affine Constraints + Weights
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Cell-Vertex Reconstruction
Costa, Clain and Machado’s method

ne Costa, Clain and Machado's method (2014):

e Linear combination:

i€p(n)

B" = Bni % n
e Affine constraints: (Bni)ientn)

i€p(n) i€p(n) i€p(n)

[Al(B”) - 1} [A2(Bn) - oJ [Ag(B") = OJ

where Tni = iz — Unzr Yni = Giy — Uny
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Cell-Vertex Reconstruction
Costa, Clain and Machado’s method

e Quadratic functional:

BB =5 3 wnilBui — bui)?

i€p(n)

wnpi — positive weights, 0,,; — targets

e Lagrange multipliers: find vector A™ = (An1, Ana, An3) such that

1
ﬁni = eni - T(Anl ar )\anni ol )\n3yni)7 ] S M(n)]

ni

e System of linear equations — A™ — B"
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Cell-Vertex Reconstruction

Cell-Vertex Reconstruction

Positivity principle preserving

r= Positivity principle: positive cell values ¢;, i € u(n), yield a positive vertex
value ¥,

e To guarantee the positivity principle we seek positive coefficients, because

i€p(n)
O Positive target values: about 2% of negative coefficients

@ Choose a new stencil consisting of three cells of p(n)

® Best configuration? B™ = (1/3,1/3,1/3)
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Cell-Vertex Reconstruction

Cell-Vertex Reconstruction

3D extension

e Linear combination:

Z /8n1¢z

i€pu(n)

e Affine constraints:

= Y Buir Ma(B)= D Buiwnis As(B") = D Buitmis

iep(n) iepu(n) iep(n)

Z /Bnl Z’I'L’l

i€pu(n)

(mEm -1 [AQ(B"):O] (m@=0] [MB) 0]

e Quadratic functional + Lagrange Multipliers
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Cell-Vertex Reconstruction

Cell-Vertex Reconstruction
Costa, Clain and Machado’'s method

1= The coefficients (3,,; depend only on geometric factors
== Pre-processing step
1= Treatment of the boundary vertices:

e Dirichlet vertex: v, = ¢p(vy,)
e Neumann vertex (2 different techniques):

— interpolation technique as explained before

— interpolation technique with ghost cells + Neumann conditions
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Polynomial Reconstructions

Polynomial reconstructions on cells
1= Let us assume vectors ® and V¥ are given!

e First-degree polynomial associated to the cell ¢;:

&;(2,y) = ¢ + Rio (T — Gic) + Riyy (¥ — i)

S; = {indices of the vertices of ¢;}

= Find 7%” and ﬁzy which minimize
Ei(RiwaRiy> = Z (¢z(v’ﬂ) - %)2
nes;
° al(x,y) — associated polynomial
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Polynomial Reconstructions

Polynomial reconstructions on edges

e First-degree polynomial associated to the edge ¢;;:

[¢ij(m7y) = ¢; + Riju(T — Giz) + Rijy(¥ — @iyy)
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Polynomial Reconstructions

Polynomial Reconstructions

Polynomial reconstructions on edges

e First-degree polynomial associated to the edge ¢;;:

[du,- (@,9) = s + Rijal@ — @ia) + Rz (¥ — @iy)

Si; = {indices of the vertices of e;;}

1= Find ﬁijz and ﬁwy such that aﬁij(x,y)
interpolates ¢; and ,,,n € S;;

(=3 q~5ji(x,y) is also performed

1= The same procedure for the boundary edges
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Steady-state Convection-Diffusion-Reaction Problems
Mesh

e Domain Q, boundary ' =Tp UTp Ut
e v(i) = {indices of the cells/boundaries which share an edge with ¢;}

° |eij|,i:l...,],jEI/(i)—length ofeij
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Steady-state Convection-Diffusion-Reaction Problems

Formulation

[v-(v¢—w¢)+r¢=f, in Q}
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Steady-state Convection-Diffusion-Reaction Problems

Formulation

{V-(V(ﬁ—nV(ﬁ)—HﬂqS:f, in Q]

e ¢ = ¢(x,y) — unknown

o V= (u,v) = (u(z,y),v(z,y)) — velocity
o k= k(x,y) — diffusion coefficient

e r =r(z,y) — reaction coefficient

e f = f(x,y) — source term
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Formulation

{v-(v¢—w¢)+r¢=f, in Q]

¢(z,y) — unknown

¢
V = (u,0) = (u(w, ), vz, y)) - velocity

o k= k(x,y) — diffusion coefficient

e r =r(z,y) — reaction coefficient
e f = f(x,y) — source term
e Dirichlet: ¢ = ¢p(x,y), on I'p

e Partial Neumann: —kV¢ -n = gp(x,y), on TI'p
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Steady-state Convection-Diffusion-Reaction Problems

Formulation

{v-(v¢—w¢)+r¢=f, in Q]

¢(z,y) — unknown

¢
V = (u,0) = (u(w, ), vz, y)) - velocity

o k= k(x,y) — diffusion coefficient

r = r(z,y) — reaction coefficient

f = f(z,y) — source term

Dirichlet: ¢ = ¢p(z,y), on I'p

e Partial Neumann: —kV¢ -n = gp(x,y), on TI'p

e Total Neumann: V- n¢ — kV¢ -n = gr(z,y), on I't
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Steady-state Convection-Diffusion-Reaction Problems

Finite volume discretization

e Integration over cell ¢; and applying the divergence theorem

leij] 1

/ (V-nijo — kV@ - nyj) d8+|cil-|/r¢dX_|c71-|/de:O

ety leil lei]
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Finite volume discretization

e Integration over cell ¢; and applying the divergence theorem

il 1 1 1
Z e (V-nijp — kV - nyj) ds—i——_/ mﬁdX——/ fdX =0
jev(i) lei] ‘eij‘ €ij lcil ci i ci

e Generic finite volume scheme:

> Lilz @)+ ri@) - fi=omd), i=1...1

jev(d) lei]

e F;; — convective and diffusive fluxes
e R; — mean reactive part

e f; — mean source term
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Second-order finite volume scheme — numerical fluxes

e Inner edge e;;:
Fij = [V(mij) - nig) " @i (mig) + [V (mij) - nij] ™ @, (mij) — 5(mij)Vepy; (maj) - mij
where

] lej ]

b.. =, =i+ i, o= = G
i = Psi = ouby i = R T el el

R. Costa, S. Clain, G.J. Machado m&% SHARK FV 2014, Ofir, Portugal 18
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Second-order finite volume scheme — numerical fluxes

e Inner edge e;;:
Fij = [V(mij) - nig) " @i (mig) + [V (mij) - nij] ™ @, (mij) — 5(mij)Vepy; (maj) - mij

where

1 bt < < |ci] lesl
= =0y O 0= —— = I
i = Psi = ouby i = R T el el

e Dirichlet boundary edge ¢;p:

Fip = [V(mip) - nip) " @;(mip) + [V(mip) - nip]~ ép(mip) — k(mip)Vép(mip) - nip
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Steady-state Convection-Diffusion-Reaction Problems

Second-order finite volume scheme — numerical fluxes

e Inner edge e;;:
Fij = [V(mij) - nig) " @i (mig) + [V (mij) - nij] ™ @, (mij) — 5(mij)Vepy; (maj) - mij
where

] lej ]

v..:v.,:g--’v..-‘,-o'--’v.. 07 — ———— O — ——~2
¢z] ¢J’L l]¢7,j ]1¢J17 (¥} ‘01| + IC]'|7 Jr |CZ‘ + ‘CJ|

e Dirichlet boundary edge ¢;p:

Fip = [V(mip) - nip) " @;(mip) + [V(mip) - nip]~ ép(mip) — k(mip)Vép(mip) - nip

e Partial Neumann boundary edge e;p: Fip = V(mip) - nip@; (mip) + gp(mip)
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v..:v.,:g--’v..-‘,-o'--’v.. 07 — ———— O — ——~2
¢z] ¢J’L l]¢7,j ]1¢J17 (¥} ‘01| + IC]'|7 Jr |CZ‘ + ‘CJ|

e Dirichlet boundary edge ¢;p:
Fip = [V(mip) - nip]™ @;(mip) + [V(mip) - nip] ™~ ép(mip) — k(mip)Vep(mip) - nip

e Partial Neumann boundary edge e;p: Fip = V(mip) - nip@; (mip) + gp(mip)

e Total Neumann boundary edge e;1: Fit = g1(msT)
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Finite volume scheme — reactive part and source term

o R; for cell ¢;

Ri=r(q)¢i | or Ri:L Z i Z r(vn)tn + 1(2:)¢:

jev(i) neES;;

e f; for cell ¢;

fi= ! Z |C;j| Z f(on) + f(a)

el e, neSi;
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Steady-state Convection-Diffusion-Reaction Problems

Residual scheme

v F;; and R; linearly depend on vector @

e Affine operator ® — G;(®) for each cell ¢;, i =1,...,1

Gi(®) = > ul 7. (@) + Ri(®) - f

jev(s) lei]

o G(®) = (Gi(®)),—,.; is an affine operator from R” into R’
e G(®) = 0y provides the solution ®*
o GMRES procedure to solve the affine problem (free-matrix method)

e Preconditioning matrix based on a Patankar-like discretization
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Criteria

e Exact solution: ¢; = ¢(¢;), i=1,...,1
e Numerical solution ®* = (¢})i=1,...1

e Relative discrete L2-norm error

N

I

Z|Cz‘|(¢i - f)2

—
By :

I
Z |cilo}
i=1
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Convection-diffusion problem

e 0=]0,1] o
e [p=T .

e ¢p(z,y) =0,0nTp os

o V=(uv) k=1 s

* ¢(x,y) = Ca(x)B(y) x -

o f(z,y) =C(a(x)+5(y)) "o — o_amz;ce -

e Low Péclet number: V = (1,2), C =65

Large Péclet number: V' = (100, 100), C = 11236
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Numerical Tests — Convection-diffusion problem

Low Péclet

075

R TN

—5 L
10 10! 10?

VI
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Numerical Tests — Convection-diffusion problem

Low Péclet Low Péclet Large Péclet

10 1072 T

1072
g 4
G107 15 100}
o I
= ~

4 2
A RN &
1
1075 . 1079 - 4 :
10 10? 10* 10? 10 10? 10°
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Steady-state Convection-Diffusion-Reaction Problems

Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Convection-diffusion problem
® Random value &,; € [0,1]

® Random point on ¢;:

Z Enivn

nes;

nes;

pi =

® Reference cell point of ¢;:
g = m; + a(p; —m;)

® o € [0,1] — deformation

factor
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Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Convection-diffusion problem

107! T
® Random value &,; € [0,1] 2 _ -
° c /" - a=07
® Random point on ¢;: ] 0 N . 10-2} =09 |
of * 5
059 o .| w1073} i
§ Enivn . i
nes; 0259 > n 1
pi= S ANA R N
gni AN . 1
nes; 0 02 05 75 1 105 L L
’ 10° 102
Vi

® Reference cell point of ¢;:

@ =m; + a(p; —my)

® o € [0,1] — deformation

factor
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Numerical Tests — Convection-diffusion problem
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® Random point on ¢;:

Z Enivn
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nes;
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® Reference cell point of ¢;:
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Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Diffusion-reaction problem
e 0=10,1"
o I'p=T
e ¢p(z,y)=0,0nTp
e k=1 r=106
d(x,y) =314z (e* —e)y(e¥ —e)
f=-rAd+r1d

Ri=r(g)p:i | (1) vs | Ri= i |: > ‘c;jl ( L ot +T(qi)¢i>:| )
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Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — Diffusion-reaction problem

1
o] ol ‘ S ‘i o e (1), 0=09
E 1 |-= eq. (1), centroid
[ —=—eq. (1), mass centre
o8 [ —— eq. (2),a=09
s 1072 E
| 5
0.25 ~ [
;q .
1073 E
0 ozs o5 ors 1 P2 k
r 1

1074 .
10?

—
=y
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Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — 3D diffusion-reaction problem

e O={(z,y,2):03< /22 +42<1,0<2<1}

e Ip="T

e ¢p(z,y,2) =0, on I'p

e k=1 r=10°

o ¢z,y,2) = ~T.16(z - 2*) (W + 200 (2% 442 - 1)>

° f(.’L',y,Z) = _HAV¢+T¢
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Numerical Tests — 3D diffusion-reaction problem

1 phi
0 05 1

05 B phi
) 05 1
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Steady-state Convection-Diffusion-Reaction Problems

Numerical Tests — 3D diffusion-reaction problem

100 ‘ B e s s s |
5 —-—a=0.0 |
- a=0.5]

——a = 0.7

—+—a =094

107t E

L? Error

1073 ——
10!
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Anisotropic Diffusion Problems

Anisotropic Diffusion Problems

Formulation

LV-(—Kqu):f, ian

e Domain  with boundary ' =Tp UTp

¢ = ¢(z,y) — unknown
e K = K(x,y) — diffusion tensor, strictly positive definite 2 x 2 matrix

K = |:/<fa:a: foy:|

Ryz  Kyy

f = f(z,y) — source term
e Dirichlet: ¢ = ¢p(x,y), on I'p
e Partial Neumann: —KV¢ - n = gp(z,y), on T'p
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Anisotropic Diffusion Problems

Anisotropic Diffusion Problems

Numerical Tests — Numerical locking problem

Q=101
10
K =
0 6
§ = 10,103,106

o(x,y) = sin(2wz) exp (

f(x,y) =0

R. Costa, S. Clain, G.J. Machado
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Anisotropic Diffusion Problems

Numerical Tests — Numerical locking problem

I'p
0.667
I'p Q I'p
0.3334
I'p

0 0.333 0.667 1
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Numerical Tests — Numerical locking problem

L? Error
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T T x
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L? Error
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Anisotropic Diffusion Problems

Anisotropic Diffusion Problems

Numerical Tests — Numerical locking problem

Yy y
o Iy Iy
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A Fluid dynamic problems
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