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Problematic

Hyperbolic systems of conservation laws with source terms:

9:U + div(F(U)) = 7(U)(R(U) — U) (1)

A: set of admissible states,
Ue ACRV,

F: flux,

~ > 0: controls the stiffness,

R: A — A: smooth function with some compatibility conditions
developed by C. Berthon — P.G. Le Floch — R. Turpault [3].
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Problematic

Hyperbolic systems of conservation laws with source terms:

9:U + div(F(U)) = 7(U)(R(U) — U) (1)

v

Under compatibility conditions on R, when vt — oo, (1) degenerates into a
smaller parabolic system:

dru — div(M(u)Vu) =0 (2)

4

@ u € R" linked to U,
@ M : positive and definite matrix.
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Examples: Telegraph equations

{8tv+ac9xv o(w—v) 2050

Orw —adkw = o(v—w)

Formalism of (1)

o U=(v,w)"

o F(U) = (av,—aw)T
o R(U) = (w,v)7

e y(U)=0o

Limit diffusion equation: heat equation on (v + w)

2

(v + w) — B, ("—

2U(‘Bx(v + W)) =0

F. Blachére, R. Turpault (Nantes) AP schemes on 2D unstructured meshes SHARK-FV14, 01/05/14 6 /31



Examples: isentropic Euler with friction

Otp + Oxpu+0ypv = 0
Orpu + Ox(pu® + p(p)) + Oypuv = —rkpu , with: p'(p) >0, k>0
Orpv + Oxpuv + 0y (pv? + p(p)) = —kpv

A= {(p, pu,pv)" €R?/p> 0}

Formalism of (1)

2
U = (g, )7 o F(U) = ( o
o R(U) = (p.0,0)7 |

o y(U)==k

Limit diffusion equation

Bep — div <%Vp(p)) ~0
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Examples: M1 model for radiative transfer

OtE + OxFx + 0y Fy =
OtFx + 205 Py (E, F) + c20, Py (E, F)
OtFy + c20x Py (E, F) + c20,P,, (E, F)
pC,0: T =

o=o0(E, F,F, T)

cotaT* — co?E
—cof Fy
—cofF,
co?E — co®aT?

A={(E,F,Fy,, T)ER*/E>0,T >0,,/F2+ F2 < cE}

Formalism of (1):

Fx,

Fy,

o 7(U) = co™(U)

o U=(E FFy, 7T e F(U) = (
e R(U)

2Py ,C? Pyx
2 2
c“Pxy ,c°Py,

Limit diffusion equation: equilibrium diffusion equation

4)) —0
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Other examples

@ Euler coupled with the M1 model — diffusion system J
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Other examples

@ Euler coupled with the M1 model — diffusion system J

Shallow water with friction

Och+dchv = 0 ro
Oehv + 0, (hv? + B2) = —k(h)2ghv|hv|

Limit diffusion equation: non linear parabolic equation

ath—ax<‘/z G ):o

t(h) \/[0xh]
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Aim of an AP scheme

Model: Yt — 00 Diffusion system:
9:U + div(F(U)) = v(U)(R(U) — U) deu — div(M(u)Vu) =0

consistent:
At,Ax — 0

Numerical scheme » Limit scheme
Yyt — o0
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Aim of an AP scheme

Model: Yt — 00 Diffusion system:
9:U + div(F(U)) = v(U)(R(U) — U) deu — div(M(u)Vu) =0

consistent: not consistent:
At, Ax — 0 At,Ax — 0
Numerical scheme » Limit scheme
Yyt — o0
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Example of a non AP scheme on Euler with friction in 1D

9:U + 0x(F(U)) = v(U)(R(U) — U)
U = (ppu)T FU) = (pu,pu®+p)7
Y(U) = & RU) = (p,0)7
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Example of a non AP scheme on Euler with friction in 1D

9:U + 9, (F(U)) = 7(U)(R(U) — U)

U = (ppu)" FU) = (pu,pu®+p)"
WU) = & R(U) = (p,0)7
urtt —ur 1
—— = T Ax (Fis1j2 — Fic1j2) +7(UD)(R(UT) — UT)

At

® Fit1/2: Rusanov flux
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Example of a non AP scheme on Euler with friction in 1D

9:U + 9, (F(U)) = 7(U)(R(U) — U)

U = (ppu)" FU) = (pu,pu®+p)"
YU) = & R(U) = (p,0)7
urtt—ur 1

At = Ax (Fis1j2 — Fic1p2) +7(UD)(R(UT) — U7

® Fit1/2: Rusanov flux

n+1
p; =

pl_ 1
At 2Ax2

(bi+1/2AX(P7+1 —pi) — bifl/ZAX(p? - 07—1))

v
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Outline

© State-of-the-art
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AP in 1D

@ controls the numerical diffusion:

o telegraph equations: L. Gosse — G. Toscani [11],
o M1 model: C. Buet — B. Despres [7], C. Buet — S. Cordier [6] ,
C. Berthon — P. Charrier — B. Dubroca [2], ...
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@ controls the numerical diffusion:
o telegraph equations: L. Gosse — G. Toscani [11],
o M1 model: C. Buet — B. Despres [7], C. Buet — S. Cordier [6] ,
C. Berthon — P. Charrier — B. Dubroca [2], ...
@ ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme:

e used to have AP properties
Euler with friction: F. Bouchut — H. Ounaissa — B. Perthame [5]
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AP in 1D

@ controls the numerical diffusion:
o telegraph equations: L. Gosse — G. Toscani [11],
o M1 model: C. Buet — B. Despres [7], C. Buet — S. Cordier [6] ,
C. Berthon — P. Charrier — B. Dubroca [2], ...
@ ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme:

e used to have AP properties
Euler with friction: F. Bouchut — H. Ounaissa — B. Perthame [5]

© using convergence speed and finite differences:
e D. Aregba-Driolet — M. Briani — R. Natalini [1]
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AP in 1D

@ controls the numerical diffusion:

o telegraph equations: L. Gosse — G. Toscani [11],
o M1 model: C. Buet — B. Despres [7], C. Buet — S. Cordier [6] ,
C. Berthon — P. Charrier — B. Dubroca [2], ...

@ ideas of hydrostatic reconstruction used in ‘well-balanced’ scheme:

e used to have AP properties
Euler with friction: F. Bouchut — H. Ounaissa — B. Perthame [5]

© using convergence speed and finite differences:
e D. Aregba-Driolet — M. Briani — R. Natalini [1]

@ generalization of L. Gosse — G. Toscani:
o C. Berthon — P. Le Floch — R. Turpault [3]
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@ cartesian and admissible meshes = 1D )
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AP in 2D

@ cartesian and admissible meshes = 1D J

@ unstructured meshes:

@ MPFA based scheme:
C. Buet — B. Després — E. Frank [8]

@ using the diamond scheme (Y. Coudiére — J.P. Vila — P. Villedieu [9])
for the limit scheme:
C. Berthon — G. Moebs - C. Sarazin-Desbois — R. Turpault [4]
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Outline

© Development of a new asymptotic preserving FV scheme
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Aim of the development

o for any 2D unstructured meshes,
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Aim of the development

o for any 2D unstructured meshes,

e for any system of conservation laws which could be written as (1),
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Aim of the development

o for any 2D unstructured meshes,
e for any system of conservation laws which could be written as (1),

@ under a ‘hyperbolic’ CFL:
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Aim of the development

o for any 2D unstructured meshes,
e for any system of conservation laws which could be written as (1),
@ under a ‘hyperbolic’ CFL:

o stability,
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Aim of the development

o for any 2D unstructured meshes,
e for any system of conservation laws which could be written as (1),
@ under a ‘hyperbolic’ CFL:

o stability,
e preservation of A,
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Aim of the development

o for any 2D unstructured meshes,
e for any system of conservation laws which could be written as (1),
@ under a ‘hyperbolic’ CFL:

o stability,
e preservation of A,
e asymptotic preserving,
At 1
max | bxi— | < =. 3
< K"Ax> =2 3

KeM
i€k
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Choice of the limit scheme

FV scheme to discretize elliptic equations:

div(MVu) =0

{diV(q(; _ é\/qu

v

Scheme developed by J. Droniou and C. Le Potier [10]:

@ conservative and consistent,

@ preserves A,

@ second order,

@ nonlinear.
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Choice of the limit scheme

FV scheme to discretize elliptic equations:

div(MVu) =0

{diV(q(; _ é\/qu

v

Scheme developed by J. Droniou and C. Le Potier [10]:

@ conservative and consistent,

@ preserves A,

@ second order,

@ nonlinear.

v

On admissible meshes this scheme is equivalent to the FV4 scheme. )
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Presentation of the DLP scheme

Approximation F ; of the flux q.nk ; with DLP scheme:

{diV(q(; = 6\4Vu

Fr,i(u) = Y vikij(u)(us — uk)

JESK,i

@ Sk the set of points used for the reconstruction on edges i of cell K
o uKy,-J(u) >0
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Example with four points for the DLP scheme

B
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Example with four points for the DLP scheme

B

My = ZJESLJ aij Xj = aji1l+arK+azA+asB
M = Yjese, i Xi = aip K+aplta;Ata,B
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Scheme for the hyperbolic part

@ homogeneous hyperbolic system:
0:U +div(F(U)) =0

@ Rusanov-like flux:

= b,-0,~
.F,’},,‘n,- = F’,’(”--n,-— TV,‘U"-",‘, (4)

I_:';<,,'3 approximation of F(U),
bi: characteristic speed on the interface i

f; > 0: characteristic length,

V;U" - n;: approximation of the normal gradient.
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Scheme for the hyperbolic part
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Scheme for the hyperbolic part

_ bib;
2

: En .
Assumptions on FJ .:

© Consistency: .
if VK € M, Ug = U then VK € M, Ve € &, Fi ;-n;=F(U) n;,

Fi-ni=Fk;-n ViU - n;, (4)J
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Scheme for the hyperbolic part

_ bib;
2

: En .
Assumptions on FJ .:

© Consistency: .
if VK € M, Ug = U then VK € M, Ve € &, Fi ;-n;=F(U) n;,

@ Conservativity: if e; = KN L then I_:’,’<7,- ‘n; = —_Zi “n;,

Fi-ni=Fk;-n ViU - n;, (4)J
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Scheme for the hyperbolic part

_ bib;
2

: En .
Assumptions on FJ .:

© Consistency: .
if VK € M, Ug = U then VK € M, Ve € &, Fi ;-n;=F(U) n;,

@ Conservativity: if e; = KN L then I_:’,’<7,- ‘n; = —I_:Z,- “n;,
© Admissibility of F: YK € M, Ve € Ex, 3 7; j(U) > 0 such that:

Fi-ni=Fk;-n ViU - n;, (4)J
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Scheme for the hyperbolic part

_ bib;
2

: En .
Assumptions on FJ .:

© Consistency: .

if VK € M, Ug = U then VK € M, Ve € &, Fi ;-n;=F(U) n;,
@ Conservativity: if e; = KN L then I_:’,’<7,- ‘n; = —_Zi “n;,
© Admissibility of F: YK € M, Ve € Ex, 3 7; j(U) > 0 such that:

= _ F(U%)+F(U?
a. Fg,-ni= > 7ij(U) ( K);— ( )~Tj,
JES;

Fi-ni=Fk;-n ViU - n;, (4)J

F. Blachére, R. Turpault (Nantes) AP schemes on 2D unstructured meshes SHARK-FV14, 01/05/14 22 /31



Scheme for the hyperbolic part

2

: En .
Assumptions on FJ .:

© Consistency: .

if VK € M, Ug = U then VK € M, Ve € &, Fi ;-n;=F(U) n;,
@ Conservativity: if e; = KN L then I_:’,’<7,- ‘n; = —_Zi “n;,
© Admissibility of F: YK € M, Ve € Ex, 3 7; j(U) > 0 such that:

En — F(UR)+F (U7
a. Fg,-ni= > 7ij(U) 5 T,
JES;
b. For any constant vector V, 3" |ej| > 7;;V-7;=0.
i€EEK JES;

_ bi;
Fki-ni=Ff;-n; ViU - n;, (4)J
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Scheme for the hyperbolic part

U,;<+1 = U,;( ’K| Z |el“FK1 - n; (5)

e €EK

Under the previous assumptions on FY ;, the numerical scheme (5) is
stable, consistent, conservative and preserves the set of admissible states A
as soon as the following CFL condition is satisfied :

At 1

| < Z.
pos () < ©
JEEK J

o pj = pj(bi, 0;)
° 5sz characteristic length

v
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Scheme for the hyperbolic part

|dea of the proof

Rewrite the scheme (5) as a convex combination of 1D-Rusanov scheme on
each interface j of normal Tj :

F(URL) + F(U? :
Uy = Z“’J(”" w (0 (’)‘Tf—%wf—”")))

JE€EK

B
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Scheme for the complete model

e complete hyperbolic system: 9;:U + div(F(U)) = v(U)(R(U) — U) (1)J

n n At F( nK)+F(Un) M
UK—H = Uy — ij@j (5K ( > 4 -Tj—él(Uj—UK)>
J

Jj€€k

+ ) wi(l—ay) (?KtSJ(U)>

i€k

(7)

_ 2%y
o CYJ—W € [0,1],

o d;: length of the j*" interface on the reconstructed cell,
e ~;: discretization of y(U),

o 5;(U): representative of the discretization of the source term
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Scheme for the complete model

@ Is the scheme with the source term AP ? J
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Scheme for the complete model

@ Is the scheme with the source term AP ?
= generally not . ..
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Scheme for the complete model

@ Is the scheme with the source term AP ?
= generally not . ..

Equivalent formulation

Rewrite (1) into :

9:U + div(F(U)) = (7(V) + 7(U))(R(V) - U) (8)

v

with:
e y(U)+#(U)>0

o R(U) = R
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Reformulation of Euler with friction

0:U + div(F(U)) = (7(V) + 7(U))(R(U) - U)
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Reformulation of Euler with friction

9:U + div(F(U)) = (+(V) + 7(U))(R(V) — V) )
Vil p1bit;

Pk~ Pk |eil
Pk PK _ =il y o)
At Z K| ZV’J(p)(’OJ pK)dj(R+ Rj)
iEEK jGS;

4
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Reformulation of Euler with friction

9:U + div(F(U)) = (+(V) + 7(U))(R(V) — V) )
Vil p1bit;

Pk~ Pk |eil
Pk PK _ =il y o)
At Z K| ZV’J(p)(’OJ pK)dj(R+ Rj)
iEEK jGS;

pj — pk pibib;

with: (kK + &;) = &
( J) pj — PK d]

4
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Reformulation of Euler with friction

9:U + div(F(U)) = (+(V) + 7(U))(R(V) — V) )
Vil p1bit;

Pk~ Pk |eil
Pk PK _ =il y o)
At Z K| ZV’J(p)(’OJ pK)dj(R+ Rj)
iEEK jGS;

_ b0
with: (k + &j) = L e
pi — Pk

n+1 n
Pk — Pk N el (pi(p) — Px(p) _
At 2 K| D vi 3 =0

i€Ek jGS,'

4
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Reformulation of Euler with friction

9:U + div(F(U)) = (+(V) + 7(U))(R(V) — V) )
Vil p1bit;

Pk~ Pk |eil
Pk PK _ =il y o)
At Z K| ZV’J(p)(’OJ pK)dj(R+ Rj)
iEEK jGS;

_ b0
with: (k + &j) = L e
pi — Pk

n+1 n

P — P |eil (pi(p) — PK(p))

S T D Vi =0
i€Ek jGS,'

= Otp — div (%Vp(p)) =0

4

F. Blachére, R. Turpault (Nantes) AP schemes on 2D unstructured meshes SHARK-FV14, 01/05/14 27 /31



Scheme for the complete model

n n At (F(Uk) + F(U7) 4]
Uit = Uk = > wjoy <6K ( . 5 =T jj(uj - UK)>
J

j€€k
At
+ > wi(l—ay) ((SKSJ(U)>
jegk /

Theorem

—
~
~

Under the previous assumptions on F7 ., the numerical scheme (7) is
stable, consistent, conservative and preserves the set of admissible states A
as soon as the following CFL condition is satisfied :

At 1
max <#j57> <5 (6)

KeMm
JEEK )

<
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Outline

@ Conclusion and perspectives
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Conclusion and perspectives

@ generic theory for various hyperbolic problems with asymptotic
behaviours,

@ first order scheme that preserve A and the asymptotic
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Conclusion and perspectives

Conclusion

@ generic theory for various hyperbolic problems with asymptotic
behaviours,

@ first order scheme that preserve A and the asymptotic

Perspectives

@ complete the numerical part,

@ change the limit scheme (DLP), and the expression of numerical flux
(Rusanov),

@ high-order techniques applied on the 1D convex combination.
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Thank you for your attention.
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Admissible mesh

Definition of an admissible mesh

A mesh is said to be admissible as soon as all the interfaces are orthogonal
to the lines which joins the cells’ centroids.
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